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Abstract

We present a joint empirical/theoretical analysis of the changes in the
implied volatility swaption matrix for two currencies (USD and DEM/EUR).
We recognize the existence of a small number of recognizable shape pat-
terns, and comment about the speed of transition between them. By
Principal-Component-Analyzing the associated correlation and covariance
matrices we highlight a non-trivial interpretation for the leading eigenvec-
tors. We also compare the empirically obtained eigenvectors and eigenval-
ues with the corresponding quantities produced by the stochastic-volatility
LIBOR market model of Joshi and Rebonato (2001). This allows us to
perform a measure-independent comparison that is of intrinsic interest,
and that can also provide a general blueprint for analyzing the realism
of and choosing among similarly-fitting stochastic models. We find that
mean reversion of the instantaneous volatility is a necessary condition in
order to obatin the market-observed shape of the first eigenvector associ-
ated with the covariance matrix.

1 Introduction

Caplets and European swaptions enjoy a somewhat privileged status in the
interest-rate derivatives world, in that they are the liquid plain-vanilla reference
instruments used by the complex derivatives traders to hedge the ’convexity’
of their positions (i.e. for hedging beyond the delta level). In this respect,
the exotic interest-rate option trader tends to regard cap(lets) and European
swaption almost as his most natural set of 'underlying’ instruments. Indeed, one
of the reasons of appeal of the LIBOR market model is its ability to recover the
Black prices of these benchmark derivatives. Furthermore, a significant amount
of direct screen-visible information is available for these instruments in almost
real time, making their prices to a large extent model independent.

When examined in detail, the situation is actually somewhat more complex,
since brokers’ quotes of cap, rather than caplet, implied volatilities are posted on



the screen!. In the presence of smiles, it is not a simple and model-independent
task to extract from these quotes the at-the-money volatilities of the underlying
caplets. The swaption information is, on the other hand, much ’cleaner’, since
each screen quote refers to one single at-the-money option. The construction
of the swaption implied volatility matrix, defined precisely below, is therefore
a much simpler and unambiguous task, requiring as it does at most a two-
dimensional interpolation/extrapolation exercise. It is for this reason that we
focus the analysis of the present work on swaption, rather than caplet, implied
volatilities.

The standard LIBOR market model (see, e.g., Brace Gatarek and Musiela
(1995) Musiela and Rutkowski (1997), Jamshidian (1997)) and, indeed, the
Black formula (Black (1976)) in terms of which the implied volatilities of swap-
tions are quoted, assume a deterministic volatility structure. This, in turn, can
only give rise to a deterministic evolution of the term structure of volatilities
and of the swaption matrix. A common useful criterion in order to constrain
the parameters of the LIBOR market model has been the requirement that the
evolution of these two quantities should be as time-homogeneous as possible.
See, for instance, Longstaff and Santa Clara (2000a) and (2000b), Andersen
and Andreasen (1999), Sibenius (2000) and (1998), Mercurio and Brigo (2001),
Rebonato (2001). Empirically, however, the term structure of volatilities and
the swaption matrix have been observed to display a significant degree of sto-
chasticity. This feature has become particularly noticeable in the aftermath of
the Russia crisis, (see the discussion in Section 2), and has prompted the intro-
duction of stochastic-volatility extensions of the LIBOR market model?. The
work by Joshi and Rebonato (2001) is one example in this direction.

The quality of the fitting of the smile surface that a given model allows
is, of course, an important criterion in order to decide whether it provides a
reasonable description of the market they attempt to describe. As it is well
known, however, a variety of financially very different modelling approaches can
produce fits of essentially the same quality. Indeed, Britten-Jones and Neuberger
(1999) show how an arbitrary stochastic-volatility model can be made to fit

IThe market adopts the following convention in quoting a cap implied volatility: given
the strike and the expiry of the cap, the associated implied volatility is the single number
that must be input in the Black formulae for all the associated caplets in order to obtain the
desired market price for the whole cap by adding up all the resulting caplet prices. Notice
that this procedure implies a much greater degree of price opaqueness than what is normally
entailed by quoting an implied volatility, since, even in the absence of smiles, a cap implied
volatility is not related in any obvious way to the root-mean-squared volatility of any of the
underlying caplets.

20ther extensions of the standard LIBOR market model have recently been introduced,
either by allowing the diffuison coefficient ot be functionally dependent on the forward rates in
a CEV fashion (see, e.g. Andersen and Adreasen), or by positing a jump-diffusive behaviour for
the process of the forward rates (see, e.g. Glasserman and Kou, Jamshidian). Both approaches
however, have been introduced with the main goal to account for non-flat smile curves; to the
extent that the latter displays deterministic coefficients, it does not allow for stochastic changes
in the swaption matrix (or, for that matter, in the term structure of volatilties). CEV models,
or the approach suggested by Zuehlsdorff (2001), only allow stochasticity that is perfectly
correlated with the Brownian shocks that affect the forward rates. They appear therfeore
unlikely to be able to explain the richness of behaviours described in Section 2.



exactly by construction any (sufficiently regular) exogenous smile surface. The
need to assess the reasonableness of a model by means other than the quality
of the fit to today’s market prices is therefore acutely felt in the trading and
academic community. If, because of the difficulties in making direct use of the
cap data, one chose to concentrate on swaption-related information, it would
be tempting to try and ascertain the realism of a proposed model by comparing
the market-observed and the model-produced changes in the swaption matrix.
The exercise is however made difficult by the fact that one set of quantities
is related to the risk-adjusted and the other to the real world. If, as it is the
case for the Joshi-Rebonato (2001) approach, the source of randomness in the
volatility dynamics is introduced by positing an additional (set of) Brownian
shocks, there intervene a set of drift transformations in moving between one
world and the other (see, e.g. Lewis (2000)). It is therefore not a priori obvious
to what extent the resulting evolution of the real and model swaption matrices
can be compared. Despite these difficulties, it would be highly desirable to bring
statistical information to bear on the financial justification of the extensions to
the LIBOR market model that are being introduced.

We address this problem from a joint empirical /theoretical perspective. First
of all we analyze in Section 2 market data pertaining to the US and EUR/DEM
swaption matrices. At a qualitative level, we begin by recognizing different
shape patterns for the swaption surface in the two currencies, and we comment
on the speed of transition from one pattern to the other. We then perform a
Principal Component Analysis of the changes in at-the-money implied swaption
volatilities by calculating and orthogonalizing the correlation and covariance
matrices among changes in the implied volatilities that make up the swaption
matrix. We provide an intuitive qualitative interpretation of the results (given
the complex structure of a swaption matrix, our results are more interesting than
the usual level/slope/curvature decomposition). To the best of our knowledge,
no study either of the qualitative patterns of change of the swaption matrix
or of its Principal Component Analysis have been presented in the literature
so far. The only somewhat related work we are aware of is Alexander’s (2000)
Principal Component study of implied equity index volatilities.

We then move to the Principal Components Analysis of the changes in the
swaption matrix as predicted by the stochastic-instantaneous-volatility model
proposed by Joshi and Rebonato (2001) and estimate the eigenvectors and eigen-
values of the swaption matrix correlation implied by the theoretical evolution
of the instantaneous volatility. The important advantage of this PCA-based
methodology is that, as we discuss in section 3.1, the statistical (real-world)
and the risk-adjusted principal components are unchanged in moving between
measures, since they only depend on the (deterministic) volatility and corre-
lation of the volatility process, and can therefore be directly compared. This
allows us to circumvent the problems alluded to above of comparing real-world
and model-produced changes in the overall shape of the swaption matrix.

It must be stressed that there are several levels at which the ’validity’ or
reasonableness’ of a modelling approach, such as the Joshi and Rebonato sto-
chastic instantaneous volatility model, can be assessed: the most demanding



test would require a substantial congruence between the relevant marginal and
conditional moments of the model and statistical distributions. If this test were
rigorously applied, all the modelling approaches (including the standard LIBOR
market model) based on a geometric-Brownian-motion assumption for the un-
derlying (be it an FX or interest rate or an equity price) would probably be
strongly rejected. A weaker criterion of a model’s adequacy and reasonableness
is to explore the Principal Component Analysis results of the real-world and
model-produced data. Indeed, many of the most popular implementations of
the LIBOR market model are explicitly based on a re-scaling and matching of
the Brownian drivers to the eigenvalues and eigenvectors obtained from orthog-
onalization of the real-world correlation or covariance matrices. See, e.g., Hull
(2000), Rebonato (1999).We therefore explore in this work not only whether
the proposed stochastic-instantaneous-volatility approach recently introduced
by Joshi and Rebonato (2001) passes the more stringent test of an overall dis-
tributional match, but also whether, and under what circumstances, it can be
made to satisfy the weaker criteria of a PCA test.

More generally, we think that our findings can shed some light on the nec-
essary ingredients for a realistic description of the stochastic evolution of the
implied volatility swaption matrix. The Principal Component Analysis of real-
world swaption implied volatilities presented in the following yields, in fact, a
first eigenvector which decays as time to expiry increases. In comparing this
quantity with the corresponding quantity obtainable from a Principal Compo-
nent Analysis of the ’artificial’ time series generated by a stochastic-volatility
model, we notice that, in this setting, this effect can only be obtained through
the use of a mean-reverting stochastic volatility. The intuitive explanation for
this is clear: a change in volatility will have less effect on the value of a long-
dated swaption as the volatility will have plenty of time to mean-revert back
to its reversion level. We take this as indirect but convincing evidence that
mean reversion of volatility is an important feature when modelling changes in
stochastic instantaneous volatilities.

We have found the results, reported and discussed in Sections 2 and 3, in-
trinsically interesting. More generally, we also propose that the methodology
suggested in this work could constitute a useful blueprint for analyzing the fi-
nancial desirability of different yield-curve models which can produce stochastic
future swaption matrices. It must be stressed again that, at the present mo-
ment, some extensions of the LIBOR market model that attempt to account for
the current smile surface are indeed available, (see, e.g. Glasserman and Kou
(2000), Glasserman and Merener (2001), Jamshidian (1999), Andersen and An-
dreasen (1997), Zuehlsdorff (2001)), but, as mentioned in the second footnote,
either they do not produce a stochastic term structure of volatilities or swaption
matrices, or, if they do, they only allow for a very restrictive type of stochastic-
ity (in these CEV-related models the stochastic percentage volatility must be
perfectly correlated with the underlying forward rates). Conceptually straight-
forward extensions of some of these approaches are however possible, which
would give rise to non-deterministic implied volatility structures. (This feature



could be achieved, for instance, by allowing the jump intensity in Glasserman
and Kou to be a stochastic variable). We believe that, if and when these exten-
sions are undertaken, the approach employed in the present work could provide
some guidance in judging their performance and desirability.

2 The empirical analysis

2.1 Description of the data

The data set used consisted of 83,136 data points (57,156 for USD and 25,980
for DEM), corresponding to all the trading dates between 1-Jan-1998 and 1-
May-2001 (866 trading days, 3 years and 4 months). In the case of USD for
each trading day the following at-the-money implied volatilities were available:
3m, 6m, 9m, ly, 2y, 3y, 4y, 5y, 7y and 10y into ly, 2y, 3y, by, 7y and 10y.
(A remark on notation and terminology: the a x b European swaption is the
swaption expiring in a years’, or months’, time, as appropriate, to exercise into
a b-year swap. So, the 6m x 5y, read '6 month into 5 years’, swaption is the
option to pay or receive fixed for five years in six month’s time).

In the case of DEM/EUR the following expiries were available: 3m, 6m, 1y,
2y and 3y for exercise into 2y, 3y, 4y, 5y, 7y and 10y swaps. Less than 0.12%
of the data was missing, unreliable or corrupted. For these cases, in order to
preserve equal time spacings between observations, rather than eliminating the
trading day, a bilinear interpolation between the neighbouring cells was carried
out. Care was taken to ensure that the interpolation procedure did not alter in
any significant way the final results.

The data set is particularly significant because it encompasses both the Rus-
sia crisis, and the series of rate cuts carried out by the US Fed in the first months
of 2001. Indeed, non-monotonic implied volatility smiles have appeared in the
swaption market after the events associated with the Russia crisis. Despite the
fact that, in the present study, we do not address smile issues, and restrict our
attention to at-the-money volatilities, anecdotal market evidence indicates that
it was the occurrence of dramatic changes in the swaption implied volatility
matrix during this period that prompted the trading community to revise the
shape of quoted volatility surfaces.

With this data we then calculated the absolute® daily changes in implied
volatilities, and organized the data with the first column containing the changes
for the first expiry into the first swap length, the second column containing
the changes for the first expiry into the second swap length, ..., the sixty-sixth
(thirtieth) column containing the changes of the eleventh (fifth) expiry into the
sixth swap length for USD (DEM/EUR). In moving across columns, the data
therefore naturally presents a relatively smooth behaviour until one expiry gives
place to the next.

3 Qualitatively very similar results were obtained by conducting the analysis using percent-
age, rather than absolute, daily changes.



Since the data presented is considerably more complex than the more-familiar
equity or FX implied volatility data, it is important to familiarize oneself with
the data set up in order better to appreciate the graphs and results presented in
the following. More precisely, since three-dimensional graphs can be dazzling,
but are rather difficult to read in detail, we present most of the graphical in-
formation in the following sections by providing on the same graph the implied
volatility corresponding to the various expiries on the x-axis, with differently-
marked curves referring to different swap lengths. The series corresponding to
different expiries for a fixed swap length are called the ’into’ series. So, the
curve corresponding to the implied volatilities of the 3m x 4y, 6m x 4y, 1y x 4y,
2y x 4y and 3y x 4y will be referred to as to 'into 4y’ series.

2.2 Results
2.2.1 Qualitative Patterns of the Swaption Matrix

The analysis of the data presented above can be profitably split in the
USD and the EUR/DEM case. The time series of selected at-the-money implied
volatility curves are shown in Figs 1 and 2 for USD and EUR/DEM, respectively.
For the purpose of future discussions it is interesting to notice the more complex
structure of the USD data, where time series of different ’into’ series appear
‘optically’ less correlated. Notice, in particular, the strong upward change of
the 1 x 3 swaption series, associated with a large downward move for the 10 x
10 swaption volatility during October 1998. While large sudden moves can also
be observed in the case of the DEM swaption matrix, these are directionally
more correlated, and, therefore, are more likely to produce a level translation of
the swaption matrix, rather than a change in overall shape. These qualitative
observations will be referred to later in this section.

Continuing with the analysis of the USD data the following salient features
can be noticed. First of all, over the period of observation at least two main
distinct patterns can be recognized: the first, that we shall call 'normal’ for
reasons that will become clear in the following, displays an overall humped
shape for all or most of the curves. See Figs. 3 to 5); the second, that we shall
dub ’excited’, shows instead a monotonically-decaying behaviour. See Figs. 6
and 7.

Within the normal pattern, further systematic shape configurations can be
distinguished: in the ’ordered’ case, for all expiries greater than, approximately,
one year, the cross-sectional curves of the swaption matrix corresponding to the
different swap lengths (i.e. the into ly, into 2y, into 3y, into 5y, into 7y and into
10y curves) are monotonically decreasing as a function of residual swap length.
See Figs. 1 and 2. For expiries shorter than approximately one year the order
is exactly reversed. There exists, for these 'normal’ and ’ordered’ shapes, a very
tight range of expiries (indeed, almost a single point) where the different ’into’
curves intersect. In other cases, that we shall call ‘'normal and scrambled’, the
overall shape of the surface is still humped, but the shape of some of the ’'into’
series is more complex (perhaps displaying several maxima). See, e.g., Fig. 5.



As for the ’excited’ (monotonically decreasing) pattern, displayed in Fig.
6, the overall surface is monotonically decreasing as a function of the expiry
for each ’into’ series. These series, in turn, are monotonically decreasing in
level from the shortest swap length (into 1 year) to the longest (into 10 years).
Furthermore, all the different ’into’ series occur in decreasing level from the
shortest to the longest swap length (i.e., for all expiries, options to exercise into
1-year swaps have a higher implied volatility than options to exercise into 2-year
swaps; these, in turn, have a higher implied volatility than options to exercise
into 3-year swaps; and so on). Finally, Figure 7 displays a 'mixed’ case where
both humped and monotonically decreasing cross-sectional curves coexist in the
same surface.

Moving to the DEM/EUR data, a much simpler set of patterns can be
observed during the same period of observation, i.e. either a monotonically
decreasing pattern (see Fig. 8); or a steep or shallow hump (Figs. 9 and 10).
Notice that for this currency little, if any, cross-over of the different ’into’ series
can be observed either for the 'normal’ or the ’excited’ state.

Some features of the overall structure of the swaption matrix can be un-
derstood by noticing that the series corresponding to the shortest swap length
should be approximately related to the term structure of caplet volatilities (a
one-period swaption is clearly a caplet). It is therefore not surprising that the
‘into 1y’ and ’into 2y’ series for USD and DEM/EUR, respectively, should bear
a close resemblance to the typical humped shapes of the market-observed term
structures of volatilities (See, e.g., the discussion in Rebonato (2001)). The
reason for labelling the matrices 'normal’ or ’excited’ is that the monotonically
decreasing shape is associated with periods immediately following large move-
ments in the underlying yield curve and in the swaption matrix itself. The
post-Russia environment is a prime example of this pattern. The humped, 'nor-
mal’ shape, on the other hand, prevails during periods of greater stability.

It is important to point out that similar patterns (i.e. normal, excited, scram-
bled or mixed patterns) repeated themselves at different points in the history of
the swaption matrix analyzed in this study. Generalizing considerably, one can
say that, especially in the US case, the swaption matrix appears to ’oscillate’
with random periodicity between a few possible fundamental shapes. The exis-
tence of these well-defined patterns is important for modelling purposes because,
if the swaption matrix were to ’diffuse’ freely over time, it would explore a vari-
ety of possible shapes, would quickly lose memory of where it started, and would
be very unlikely to revisit time and time again very similar patterns. Similarly,
if the diffusion of the swaption matrix were driven by a mean-reverting diffu-
sion with a constant reversion level, one would observe a temporary departure
from a particular ’basis’ shape, but a long-term reversion to the same pattern.
The recurrence of these well-defined patterns therefore suggests that a simple
mean-reverting diffusive behaviour cannot adequately capture these fine details
of the swaption matrix dynamics.

The USD swaption data turned out to be different from the DEM/EUR data
not only in the sense that it showed more complex shape patterns; perhaps even
more significant is, in fact, the observation that the USD implied volatilities



displayed much more rapid transitions between different shapes than what ob-
served in the case of DEM/EUR. For USD, the transition form the normal to the
excited pattern sometimes occurred over a space of two or three trading days. In
the DEM/EUR case, instead, a much smoother ’diffusion’ from one shape to the
other was observed. This observation is somewhat difficult to quantify without
displaying an enormous amount of data. An idea of this feature can however be
gleaned by the following analysis. If it were indeed the case that the transition
between implied volatility states took place much more rapidly for USD than
for DEM/EUR, one would expect to observe a different tail behaviour for the
changes in implied volatilities in the two currencies. In particular, sudden tran-
sitions between one regime and the other would be associated with very large
changes in the implied volatilities, which would, in turn, give rise to fat tails.
If the transitions from one regime to the other were more sudden in the case
of USD, one would expect to observe fatter tails for the density of changes for
this currency than for DEM/EUR. We tested this conjecture by constructing
a frequency histogram for the changes in implied volatilities across all expiries
and swap lengths, and by comparing its overall shape, its first four moments
and its right and left tails. See Figs 11 and 12.

Prima facie, the overall shapes appear quite similar for the two currencies,
and both display marked leptokurtosis. See Fig. 11, which also shows the two
Gaussian densities with the same expectation and standard deviation. In partic-
ular, the average change was quite similar in the two currencies (15.7 and 18.2
basis points for USD and DEM/EUR, respectively), with a (non-annulaized)
standard deviation of 37.5 (USD) and 33.2 (DEM/EUR) basis points. The
skewness is also very similar for the two currencies(0.044 for USD and 0.042 for
DEM/EUR), but the kurtosis differs significantly, and in the direction consis-
tent with the speed of transition between patterns highlighted above: 0.24 for
DEM/EUR and 0.41 for USD. Figs. 12 illustrates this feature by displaying
the left tails of the empirical frequency densities (the corresponding Gaussian
tails are not shown in the graph because they do not show on the scale of the y
axis).

Besides being of intrinsic interest, these results are of relevance for the mod-
elling of the stochastic volatility of the forward or swap rates that drive the
swaption matrix. Since this latter quantity is given by suitable integrals of the
instantaneous volatility, these results indicate that

e the hypothesis of a purely diffusive behaviour for the instantaneous volatil-
ity is strongly rejected*

e very large changes in implied volatilities are more pronounced for USD
than for DEM/EUR.

As mentioned in the introductory section, the rejection of the diffusive be-
haviour for the implied volatility components is not surprising, and consistent

1A series of x2 test to check the hypothesis whether the sample distribution of any of
the empirical implied volatility series could have been drawn from a normal distribution with
matching first two moment always gave a probability of less than 10—13,



with similar findings for virtually all the financial-market quantities that have
been investigated. A geometric-diffusion approach has nonetheless provided a
useful first approximation both in the equity and FX worlds and in interest-
rate modelling. In the latter field, in particular, it has become customary to
calibrate a diffusive model to the principal components contained from the sta-
tistical data.

In this restricted modus operandi modellers have therefore accepted the fact
that the real-world distributional features of the relevant underlying quantity
might be poorly described by a diffusive behaviour; but have nonetheless re-
tained a Brownian-shock modelling description as long as the shape of the
eigenvectors, and the relative magnitude of the eigenvalues, could be matched in
the real and risk-adjusted worlds. The results presented in the following section
therefore present PCA data not only for their intrinsic interest, but also in order
to explore whether a diffusive-stochastic-volatility LIBOR market model can be
justified and calibrated along these lines.

2.2.2 Correlation and Principal Component Analysis results

Using the data described in Section 2.1, we constructed the correlation matrix
between the (absolute) changes in the implied volatilities. The columns and rows
in the matrix were organized as described in Section 2.1. Fig. 13 displays a small
portion of the USD correlation matrix in order to highlight some of the main
features of the whole matrix (the same considerations apply to the DEM/EUR
matrix). The 36 elements in the bordered box in the top left-hand corner of the
matrix contain the correlation between changes in implied volatilities of the 1y
x ly, 1y x 2y, ..., 1y x 10y swaptions. Similarly, the 36 elements in the bordered
box in the top right-hand corner of the matrix contain the correlation between
changes in implied volatilities for the 2y x 1y, 2y x 2y, ..., 2y x 10y swaptions;
etc. There are several interesting features worthwhile noticing:

e for a given expiry (i.e. for a given ’into’ series), the correlation tends to
be a convex function of the swap lengths; this feature remains true for all
expiries, and in both currencies;

e for a given swap length, the correlation displays less convexity as a function
of swaption expiry;

e given the way the matrix has been organized, there are discontinuities
with a periodicity of 6 both as one moves across columns (from one ’into’
series to the next) and as one moves down rows (from one swap length to
the next);

e the correlation between changes in implied volatilities of very ’distant’
swaptions (i.e. swaptions with greatly different expiries and swap lengths)
is very low (approximately 20% for USD and 15% for DEM/EUR).

With these preliminary considerations in mind, one can better understand
the shape of the overall correlation matrices for the two currencies, reported



below for the case of the DEM/EUR currency (the qualitative shape of the
USD matrix is the same).

One can easily recognize the jagged structural feature of the matrix due to
the transition from one expiry series to the next, or from one swap length series
to the next. It is important to point out that this jagged behaviour, clearly
displayed in Fig. 14, is not due to noise, but to the way the two-dimensional
data must be organized along a one-dimensional axis. The individual correlation
curves inside each 6 x 6 box are indeed remarkably smooth, a shown in Fig. 13
for the small sample of the USD correlation matrix displayed, indicating that
prima facie statstical noise should not be a concern as far as the interpretation
of the data is concerned.

With these correlation matrices one is in a position to obtain, by orthogonal-
ization of the correlation matrix, the associated eigenvectors and eigenvalues.
The results for USD and DEM/EUR are shown in Figs 15 and 16 below.

The first noteworthy feature is the strong qualitative similarity of the results
for the two currencies. The shape of the eigenvectors also lends itself to an
interesting interpretation: the first principal component, as usual, displays a
virtually identical loading across the various swaption implied volatilities, and
therefore describes the typical up and down rigid shift of the swaption matrix®.
This first mode of deformation, however, only accounts for less than 60% both
in USD and DEM/EUR. The second mode of deformation can be interpreted as
corresponding to the first three series moving up (down) and the last three series
moving down (up). Finally, the third eigenvector mainly picks up movements
within each series, with, say, the implied volatility of swaptions with short swap
length moving up and the volatility of swaptions with long swap length moving
down.

Finally, it is also worthwhile pointing out the reamrkable similarity of the
explanatory power of an increasing number of eigenvectors, are shown in Fig.
17: for both currencies, it takes approximately 10 eigenvectors to explain 90%
of the variability across series of expiries and swap lengths. This result should
be contrasted with the findings of PCA on yields or forward rates, where, typi-
cally, 90% of the variability is explained by four or fewer eigenvectors (see, e.g.
Priaulet et al. for a recent survey of results). It must be stressed that the data
sample included two particularly ’excited’ periods, i.e. both the Russia crisis
and its aftermath and the aggressive easing by the FED in early 2001. It would
be interesting to see whether data in more 'normal’ periods would display the
same features.

Similar, but, at the same time, noticeably different, results were obtained
by orthogonalizing the covariance rather than the correlation matrix. The most
noteworthy difference is that the loadings onto the various implied volatilities
now display a noticeable decaying behaviour as one moves across columns, in-
dicating that the top left-hand corner of the swaption matrix is more volatile
than the bottom right-hand corner. This observation, per se not surprising,

°The first eigenvector is virtually flat when the correlation, as opposed to covariance, matrix
is orthogonalized. Therefore the most important mode of deformation is a parallel shift only
after scaling by the volatilities. See the discussion later in the section.
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will become very relevant in the discussion of the role of mean reversion in the
stochastic-volatility model analyzed in Section 3. Without preempting future
results, it is worthwhile pointing out that these findings will be shown to be
compatible with a mean-reverting process for the instantaneous volatility. Figs.
18 and 19 show the first three eigenvectors obtainable from orthogonalizing
the covariance (as opposed to the correlation) matrix. Finally, the explanatory
power of an increasing number of eigenvectors was found to be quite similar to
what found by orthogonalizing the correlation matrix.

3 Stochastic Extensions of the LIBOR Market
Model: Implications for the Theoretical PCs

3.1 The Model Used

Joshi and Rebonato (2001) have recently presented an extension of the LIBOR
market model by introducing displaced diffusion and by making the instanta-
neous volatility of the forward rates stochastic. They start from a standard
deterministic-volatility LIBOR market model along the lines of Brace Gatarek
and Musiela (1995) Musiela and Rutkowski (1997), Jamshidian (1997), which
is fully specified once an arbitrary correlation function and a set of instanta-
neous volatilities for the state variables are given. More precisely, their chosen
setting is based on the evolution of discrete-tenor forward rates, and, following
Jamshidian (1997), this set-up is used for the valuation of LIBOR payoffs which
can be expressed as homogeneous functions of degree one in the bond prices’
and that satisfy the condition of being measurable with respect to the natural
filtration generated by the driving Brownian processes. Such an approach nei-
ther requires the instantaneous short rate, nor the instantaneously-compounded
money-market account.

Joshi and Rebonato’s (2001) start from this deterministic setting, and posit

ot,T) = krg(T—t)= (1)
= kr(la+b(T —t)]exp[—c(T —t)] +d) (2)

where o(t,T') is the instantaneous volatility at time ¢ of the T-maturity forward
rate, and kr is a forward-rate specific constant needed in order to ensure correct
pricing of the (at-the-money) associated caplet. Neglecting smiles, if one denotes
by 0Black(T) the implied volatility of the caplet of expiry T', the caplet-pricing
condition is ensured in the deterministic-volatility setting by imposing that
2

(;Black(T) T _ K2 3)
J g(u, T)?du
0

6or, equivalently, as a function homogeneous of degree zero in the forward rates, times a
(linear combinaton of) bonds. In practice, this condition hardly limits the scope of typical

pricing applications.
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When the instantaneous volatility is deterministic, this formulation allows to
determine the most time-homogenous evolution of the term structure of volatil-
ities and of the swaption matrix consistent with a given family of parametrized
functions g(T" — t) simply by imposing that the idiosyncratic terms, k7, should
be as constant as possible across forward rates. See, for a detailed dsicussion,
Rebonato (2001) or Mercurio and Brigo (2001).

Once this volatility function has been chosen, the arbitrage-free stochastic
differential equation for the evolution of the Tj-expiry forward rate in the Q—
measure associate with the chosen numeraire is given by

Yl _ ot pry @) 0t + ot T) S bird2(0) (1)
fTi.(t) ! k=1,m
which integrates to
t
Fi(t) = F0)expl [ (0, @)} 0) = 5o, TP
0

+ / o) 3 budz2(w) (5)
0

k=1,m

where le? are orthogonal increments of standard Q—Brownian motions, u@ ({ fr, (v)},u)
is the measure-, forward-rate- and time-dependent drift that reflects the con-
ditions of no arbitrage, and the coefficients {b}, linked by the caplet-pricing
condition Zk:l,m b2, = 1, fully describe the correlation structure given the
chosen number, m, of driving factors.

Joshi and Rebonato (2001) enrich this standard formulation in two ways:

i) by positing a displaced-diffusion evolution of the forward rates according

d(fn(t) +a) _ PP
@ +a ~PeAUnOMd Lot T) 3 budie) 6

to

and

ii) by making the instantaneous volatility non-deterministic via the following
stochastic mean-reverting behaviour for the coefficients a,b,c and d, or their
logarithm, as appropriate:

day = RSq(RLg — ay)dt + o4(t)dz] (7)

= RSy(RLy — by)dt + op(t)dz? (8)

dln[ct] = RS.(RL. — In[e,])dt + o.(t)dzf 9)
dIn[d;] = RS4(RLg — In[dy])dt + oq(t)dzg (10)

and all the Brownian increments uncorrelated with each other and with all the
Brownian increments dz,i2 (t). In Equations (7) to (10) the symbols

RSq, RSy, RS¢, RSq, RLo, RLy, RL., RL,
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denote the reversion speeds and reversion levels, respectively, of the relative
coeffcients, or of their logarithms.”

The introduction of the displacement coefficient « (see Rubinstein (1983) for
a discussion of displaced diffusions and Marris (1999) for the link with the CEV
model) is intended to account for the deviation from exact proportionality with
the level of the basis point move of the forward rates: this feature translates
to a monotonically decaying (with strike) component of the smile surface®. In
addition, the stochastic behaviour for the (coefficients of) the instantaneous
volatility is invoked in order to account in a financially convincing way for the
more recently observed 'hockey-stick’ shape of the smile curves.

Since the smile dynamics are not the focus of this paper, we do not pursue
this angle any further, and refer the interested reader to Joshi and Rebonato
(2001), but make two observation of relevance for the future discussion: first, the
stochastic evolution (under @) of the swaption matrix is fully specified once the
dynamics for the instantaneous volatility is given; second, as mentioned in the
introductory section, the model-implied evolution of the swaption matrix takes
place in the pricing measure, and, to the extent that investors display aversion
to volatility risk, cannot be immediately related to the observable evolution of
the same quantity in the real world. As it is well known, in fact, (see, e.g.,
Lewis (2000)), in a stochastic volatility setting the Girsanov’s translation from
the real-world to the risk-adjusted measure @ brings about a change in the drift
of the instantaneous volatility. This change of measure, in turn, makes a naive
comparison between the empirically observed and the model predicted changes
in the swaption matrix impossible. It is worthwhile commenting briefly on this
point: when moving between equivalent measures, Girsanov’s theorem allows us
to change the drifts of all Brownian motions. The requirement of no arbitrage,
coupled with the fact that a forward rate times an appropriate bond becomes
a tradable asset (see e.g. Jamshidian (1997) or Rebonato (2001)) forces their
drifts in the martingale measure to take a unique value. However, volatility
is not tradable, nor is it possible to find a simple transformation (such as the
multiplication by appropriate discount bonds in the case of forward rates) that
can turn it into a traded asset. It is therefore not possible to impose constraints
which are strong enough to single out a unique drift of the volatility parameters
in the martingale measure. As a consequence, an infinity of volatility drifts
(each associated with a different equivalent pricing measure) are compatible

"For simplicity, and in order to enhance the time-homogeneity of the evoluation of the
term structure of vlatilities and of the swaption matrix, the reversion level has always been
set, in the present study, equal to the current level of the corresponding quantity. Joshi and
Rebonato (2001) follow a similar procedure in their calibration to the smile surface.

81t is customary to model this feature by means of a CEV approach (see, e.g. Andersen
and Andreasen (2000), or Zuehlsdorff (2001)). Joshi and Rebonato (2001) quote the result
by Marris (1999), who shows that there exists a close correspondence between the CEV and
the displaced-diffusion dynamics, and that, once the two models are suitably calibrated, the
resulting caplet prices are virtually indistinguishable over a very wide range of strikes and
maturities. Marris (1999) also provides a thoeretical justification as to why this should be the
case. Joshi and Rebonato therefore use the displaced-diffusion setting, which allows simple
closed-form solutions, as a computationally simple and efficient subsititute for the theoretically
more pleasing CEV framework (which does not allow negative forward rates).
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with absence of arbitrage. This has been one of the reasons for performing
the (measure-independent) Principal-Component-Analysis study presented in
this work. The PCA results, in fact, are measure-independent because they
are obtained from the orthogonalization of implied volatilities which are the
inverse of suitable (Black) functions’ of the instantaneous correlation and co-
variance matrices. These inverse of the Black function are, in turn, linked to
the instantaneous volatilities through a complex chain of Ito’s lemmas. However
complex this chain might be, given the assumption about the dynamics of the
model instantaneous volatilies, the implied volatilies are themselves a diffusion.
The volatility terms of these diffusions, which we do not calculate explictly
but estimate numerically, only depend on the volatilities of, and the correla-
tion among, the coefficients of o(¢,T'). Since we have assumed the volatilities
of the coefficients, 04(t),0s(t),0.(t) and o4(t), to be deterministic (and their
associated Brownian motions uncorrelated), they will remain unchanged under
the Girsanov transformation between measures (see, e.g., Duffie (1996)). It
immediately follows that the volatilities of and correlations amongst the im-
plied volatilities will also be invariant, and hence so will their eigenvectors and
eigenvalues.

3.2 The Methodology to Extract the Model-Implied Prin-
cipal Components

We examine in this section the dynamics of the swaption volatility matrix when
swaptions are priced using the stochastic volatility model described above. In
particular, we try to answer the following questions:

1. How many principal components are required in order to account for the
stochastic evolution of the swaption matrix to a given percentage of ex-
planatory power (fraction of variance explained)?

2. How does the first principal component (eigenvector) obtained from the
orthogonalization of the model covariance matrix compare with the cor-
responding empirically observed quantity?

3. Does this first principal component change its qualitative behaviour when
the volatilities are mean reverting?

4. Has the displacement coefficient a significant effect on the overall qualita-
tive behaviour of the first principal component?

The algorithm implemented to carry out this investigation was the follow-
ing: we evolved the coefficients a, b, ¢ and d over a time step of a week using the

9Note carefully that the price functions that transform the instantaneous volatilities into
the prices of the European swaptions, and, utlimately, into their implied volatilities, do depend
on the mean-reversion and, therefore, on the measure-dependent drift terms. This, however,
does not invalidate in any way our results.
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dynamics described in Section 3.1. Since we have chosen a Ornstein-Uhlenbeck
process for the coefficients (or their logarithms) the evolution of the instanta-
neous volatilities can be accomplished exactly and analytically. Given this joint
realization of the instantaneous volatilities we evolved the forward rates over
the same time step using Equation (6)!°.

After performing this step, we ’reset’ the curve so that the expiries of the
various forward rates remained a constant time distance away from the new
spot time. Given this state of the world we then priced all the swaptions in
the different series and for the different expiries, and translated their prices into
implied volatilities. By repeating this exercise many times we generated an
artificial time series for the swaption implied volatilities. The changes in this
time series over 1,000 weeks were finally used to generate a covariance matrix,
that was then diagonalized. Despite the fact that, for numerical reasons, the
time step was taken to be one week (as opposed to the daily spacing between
the real-world data), the changes are fully dominated by the stochastic term:
for typical values of the volatility and of the forward rates, and for the chosen
time step, the volatility terms are typically 200 to 500 times larger than the
drift term'', and therefore the numerical procedure presented above accurately
estimates the instantaneous covariance matrix.

The parameters used for this exercise are given below:

Coefficient Initial Value Volatility Rev. Speed Rev. Level

a -0.02 10.00% 0.5 -0.02
b 0.108 10.00% 0.3 0.108
In(c) 0.8 10.00% 0.5 0.8
In(d) 0.114 10.00% 0.4 114

Tab. I: The parameters of the instantaneous volatility process used in the
simulation.

In addition to the instantaneous volatility function, a functional shape for
the correlation had to be chosen in order to describe the covariance matrix
between the forward rates. This was taken to be given by

Pij = exp[—B|T; — Tjl] (11)

where p;; is the correlation between the forward rate expiring at time 7; and the
forward rate expiring at time Tj. This correlation function is not particularly

108¢trictly speaking, the evolution of the forward rates over a finite step is not exact be-
cause, for a chosen numeraire, not all the forward rates can be simultaneously log-normally
distributed, and the drift of all but one of the forward rates is stochastic. Their distribution is
therefore not exactly log-normal, and a closed-form solution for the SDE does not exist. The
size of the step is such, however, that the loss of precision introduced by this approximation
is absolutely negligible. (See, e.g., Hunter, Jaeckel and Joshi (2001) for a detailed analysis of
the magnitude of the effect).

I For this order-of-magnitude calculation the forward rate was taken to be at 6.00% and
the instanatneous volatility at 15.00%. A constant correlation of 90% among all the forward
rates was also assumed.
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sophisticated, and can be criticized on financial grounds. However, we found
in our study that the detailed shape of the correlation has a small impact on
swaption prices, and we concur with De Jong et al. (1999) who state that
although swaption prices do depend on the correlation between interest rates of
different maturities, this turns out to be a second order effect; swaption prices are
primarily determined by the volatilities of interest rates. Rebonato (2001) and
Mercurio and Brigo (2001) provide additional evidence that, and an explanation
as to why, the detailed shape of the correlation function has a small impact on
the price of European swaptions.

The parameters shown in Tab. I, to which the results in this study refer,
were typical of the ones found in Joshi and Rebonato (2001) by optimizing to
the caplet smile surface of EUR and USD using the market data prevailing as of
8 September 2000. They were not chosen to produce a best fit to either swap-
tion matrix, but provide a qualitatively acceptable description of the swaption
matrix. The qualitative features reported below, and the trends in the eigenvec-
tors, were found to be strongly insensitive to the details of the parametrization,
and, as discussed at greater length below, mainly to depend on whether the
reversion speed was assumed to be zero, or equal to a finite 'reasonable’ value
(where 'reasonable’ means similar to the values found in the fitting to actual
market data for different currencies).

Finally, the displacement coefficient o was chosen to be equal to 0.02, in
close agreement with the best-fit values obtained for both currencies.

3.3 Results

We begin the discussion of the results by presenting the graphs of the first
principal component obtained using the methodology described above. The
x-axis displays the following swaptions, in the order

1x 1,235,710
2x1,2,3,5,7,10
3x1,2,3,5,7,10
5x1,2,3,5,7,10
7x1,2,3,5,7,10
10 x 1,2,3.5.

The first observation from these results, which answers the first of the ques-
tions posed in Section 3.2 above, is that, in all cases (i.e. with and without
mean-reversion and with and without a displacement coefficient), a very large
fraction (approximately 90% for both currencies) of the variability across ex-
piries and swap lengths is explained by the first principal component. This was
observed despite the fact that four independent Brownian processes affect the
instantaneous volatility process. The finding is not surprising, because we no-
ticed in Joshi and Rebonato (2001) that the prices of European swaptions are
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mainly affected by the stochastic behaviour of the d coefficient.'> On the other
hand, the fraction of the total variability (percentage of variance) explained by
the first principal component in the two currencies examined was empirically
found to be slightly less than 60% (see Fig. 17). Therefore the first conclusions
is that a significant degree of the real-world complexity is not accounted for by
the model proposed. This is a priori not surprising: stochastic-volatility exten-
sions of the LIBOR market model are after all just being introduced, and one
can draw a parallel with the early simple one-factor models (such as Vasicek,
CIR) that attempted to describe the evolution of the yield curve. The more
relevant question is perhaps whether this initial step, albeit incomplete, is in
the right direction.

In order to answer this question one can refer again to Figs. 18 and 19, which
display the first principal component as estimated from the empirical data. Two
features are noteworthy: first of all the clear periodicity in the values, which
corresponds to the transition from one ’into’ series to the next. The second
important feature is that, when one uses correlation data, the average magnitude
of the first eigenvector is roughly constant as one moves from one series to the
next: in other words the first mode of deformation is roughly parallel across the
swaption matrix. When the covariance matrix is orthogonalized, however, the
first eigenvector displays a noticeable decay as one moves down the series.

The model-obtained eigenvector (obtained from the orthogonalization of the
covariance matrix) clearly displays the same periodicity as the empirical eigen-
vectors. See Figs. 20, 21 and 22. When no reversion speed and zero displace-
ment coeflicient are used, the first eigenvector obtained form the model remains
roughly constant as one moves down the x axis. To a limited extent, a non-zero,
positive displacement coefficient, which indicates a deviation from log-normality
towards normality, produces some degree of decay in the first eigenvector. It is
when the reversion speed has a value similar to what obtained in the fit to the
smile surface, however, that the model data displays a decay similar to what
can be observed from real data. This result is particularly noteworthy, because
the reversion speed used in the present study was independently determined
by fitting to smile data, and without any prior knowledge of the shape of the
empirical eigenvalues. Therefore, it appears that the empirical data are con-
sistent with a mean-reverting behaviour for the instantaneous volatility (in the
risk-adjusted world!) as posited by Joshi and Rebonato (2001) and as indepen-
dently calibrated to static cross-sectional data (a single-day volatility surface)'?.

12This observation should not be taken to imply that the stochastic behaviour of the a,b
and ¢ parameters has 'no use’: b and ¢ control the location of the ’hump’ in the instantaneous
volatility curve, which in turn controls the degree of terminal de-correlation between forward
rates. Several complex products are sensitive to different extents to this terminal decorrelation,
and it would therefore be unwarranted to extrapolate conclusions from plain-vanilla to complex
instruments.

13n their study, Joshi and Rebonato (2001) carried out optimizations of the volatility coef-
ficients to market smile data for several different trading days. While obviously not identical,
the resulting parameters displayed marked stability and robustness.
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4 Discussions, Conclusions and Suggestions for
Future Work

We have presented in this work some empirical work about the changes in market
implied volatility swaption matrices. We have coupled this investigation with a
theoretical analysis of a particular stochastic-volatility extension of the LIBOR
market model. Our findings have conveyed a mixed but overall encouraging
picture of the adequacy of this modelling approach.

To begin with, certain important features of the real data are not captured
by the Joshi-Rebonato approach: the empirical data indicates, for instance, that
the swaption matrix tends to oscillate between well-defined shape patterns, with
different, and sometimes quite short, transition periods. Such a behaviour is
neither compatible with a stochastic volatility model with constant reversion
speed, nor with a jump/diffusion process (which does not produce, in its stan-
dard formulation, stochastic smile surfaces), nor with any of the CEV extensions
which have been proposed'*. Possibly, a reversion level for the instantaneous
volatility that underwent almost instantaneous transitions between a number of
pre-defined values could provide a better description of the observed dynamics;
the reversion speed, however, would have to change significantly (i.e. would
have to display a short-lived burst) when these transitions occur if one wants
to recover at the same time the diffusive behaviour of the implied volatility in
‘normal times’, and the quickness of the transition during ’crises’, as observed,
in particular, for USD. The computational and calibration problems of such
a model are likely to be quite a challenge, but this modelling approach could
constitute an interesting avenue for future research.

The descriptive statistics of the empirical changes in implied volatility strongly
reject the hypothesis that the instantaneous volatility should follow a diffusive
(mean-reverting) behaviour; in particular, the empirical tails are far too fat
when compared with the model-produced ones. Furthermore, the proportion
of the variability across the swaption matrix explained by the first principal
component is significantly smaller in reality (about 60%) than with the model-
produced data.

Despite these shortcomings, the modelling approach by Joshi and Rebonato
has been shown to display two important encouraging features: first of all, the
qualitative shape of the first eigenvector turned out to bear a close resemblance
with the corresponding empirical quantity, and, in particular, the same period-
icity was observed in the real and model data; second, the decaying behaviour
of the first principal component as a function of increasing expiry, observed
in the real data when the covariance matrix is orthogonalized, was found to
be naturally recoverable and explainable by the mean-reverting behaviour for
the instantaneous volatility. This feature in turn constitutes the most salient

MLinking the volatility in a deterministic manner to the stochastic forward rates could
produce sharp moves in the level of swaption matrix, if the forward rates displayed a discon-
tinuous behaviour (as in Glasserman and Kou (2000) and Glasserman and Merener (2001)).
It is difficult, however, to see how a deterministic functional dependence on the forward rates
could give rise to a sudden change in shape of the swaption matrix.
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characteristic of the stochastic-volatility extension of the LIBOR market model
that we have analyzed. Furthemore, the values for the mean reversion that had
been previously and independently obtained using static information (i.e. by
fitting to the smile surface) turned out to be adequate to explain in a satisfac-
tory way the qualitative features of such dynamic features as the shape of the
eigenvectors (obtained from time series analysis). It therefore appears fair to
say that, despite the obvious shortcomings, the modelling approach analyzed in
the theoretical part of the present study appears to be a useful first step in the
right direction.
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Figure 1: Selected swaption implied volatility time series for USD: 1x3 (top
continuous line), 5 x 10 (middle broken line) and 10 x 10 (bottom dash-and-dot

line).
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Figure 2: Selected time series of implied volatilites for DEM: 1 x 3 (top contin-
uous line), 3 x 5 (middle dash-and-dot line) and 3 x 10 (bottom broken line)
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Figure 3: The 'normal’ pattern for USD
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covariance matrix
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Figure 19: The first three eigenvectors from the orthogonalization of the DEM
covariance matrix
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Figure 20: No reversion speed, zero displacement coefficent
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Figure 21: No reversion speed, finite displacement coefficient
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Figure 22: Non-zero reversion speed and displacement coefficient
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