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ABSTRACT. It is shown that the properties of convexity of call
prices with respect to spot price and homogeneity of call prices as
a function of spot and strike hold for a large class of models of
stock price evolution. It is also shown that these properties hold
for wider classes of options. A converse result is also demonstrated.

1. INTRODUCTION

Many standard models of asset price evolution share the property
that in the martingale measure increments of the log of the asset price
are independent of the current value of the asset price. This prop-
erty holds in particular for the Black-Scholes model, Merton’s jump-
diffusion model, [12], the Variance Gamma model, [11, 10, 9], and for
many stochastic volatility models for example [4, 6, 7, 8. We shall
call such models log-type. Simple examples of models which are not
log-type are the Bachelier model, [1], and the Dupire model, [5]. Our
purpose in this note is to demonstrate that certain nice properties of
the Black-Scholes price of a call option actually hold in any log-type
model for a call option. In particular, we show that the call price is
still a homogeneous function of spot and strike and that its Gamma
(i.e. the second derivative with respect to spot) is always non-negative.
We also show extend these results to more general classes of pay-offs
and prove an inverse result that if call prices are homogeneous, then
the model is of log-type.

The definition of log-type is equivalent to the statement that the
density function for the evolution of the log between two times is ex-
pressible as a difference

®, r(log St — log St)d(log S;),
or equivalently the density for the evolution of the spot is of the form

®(S7/S:)dSt/Sr.
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Note that & will be supported purely on the positive real axis, and
throughout we asssume that our asset prices are strictly positive.

2. HOMOGENEITY

Let C(Sp, K,T) denote the price of a call option struck at K, with
expiry T" at time 0 if spot is Sy. Our first result is

Theorem 2.1. The function C(Sy, K,T) is homogeneous of order 1 in
(So, K) i.€.

C(ASo, \K, T) = \C(Sy, K, T).
Proof. We have, dropping T, that

(1) (S, K) = /(5 _K),® (%) %

S\ dS
2 K)= —AK), P | — | —
) csoAR) = [(5 - Ak (5) G

ASTN dS'
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S™\ dS’
4 =\ "~ K) @ = ) —
(@) [-rne(3) %
(5) =\C(Sy, K).
Here in the second equality we have performed a change of variables
S=M\S". O

Note that this proof will hold for any pay-off function which is a
homogeneous function of spot and strike. We therefore have
Corollary 2.1. If the derivative, D(S, K,T), has pay-off which is a
homogeneous of degree one function of spot and strike then the price is

a homogeneous degree one function of spot and strike for any log-type
model.

3. CONVEXITY

We can also show that the Gamma of a call option or indeed any
option with a convex pay-off is positive for any log-type model. Recall
that a function is convex if the chord between any two points on the
graph lies above the graph, and that convexity is equivalent to the fact
that the second derivative is non-negative.
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When a function such is not twice differentiable, we can interpret
this result in a distribution sense. For example, the call option’s pay-
off has second derivative equal to §(S — K). The distribution §(S — K)
is positive as if its pairing with any positive function is positive as if
f(z) > 0 for all =, we have

[ H@is — Kyds = 5 () >

Theorem 3.1. If the derivative D has pay-off, f, at time T which is
a convex function of St then the Gamma of D in any log-type model
is non-negative, provided we have that f(St)p(St/So) tends to zero as
St tends to infinity.

Note that the technical condition here is very mild.
Proof. We have that the value of D at time zero is equal to
S\ dS
—rT
S 2=
[ 1500 (5) S
Differentiating with respect to Sy we obtain
ds
—rT
< [0 (5) %
Integrating by parts and using the technical part of the hypothese, this

becomes
o7 dS
"free(s) s
So

We now change variables and letting

S
So’

et / f'(SSo)¢ (S) dS

Differentiating with respect to Sy, we get

T / 17(550)56 (3) dS.

S:

we get

This will be non-negative as f is convex and ¢ is supported where S is
non-negative. As the Gamma is non-negative the value is convex as a
function of spot. O
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4. A CONVERSE

Our final result is a converse. We rely on the result of Breeden and
Litzenberger, [3], that the risk-neutral density is the second derivative
of the call price with respect to strike, divided by the value of a zero-
coupon bond with the sam expiry.

Theorem 4.1. If call option prices are homogeneous of degree one then
the risk-neutral density function of the spot at time T is of the form

W(S/Sy)dS/S.

Proof. Let ®(S,Sy) be the density. The homogeneity of call prices is
equivalent to the statement A\™'C'(AS, ASp) is independent of X. So we
have that

/()\15 — K) ®(S,A\Sy)dS,
is independent of S. Letting S = AS’, we have
/)\(S’ — K) ®(\S', \Sy)dS'.

Differentiating twice with respect to K and setting K = S, we have
that

AP (NS, \Sp)
is independent of A. Putting A equal to one and 1/S, this implies that

(S, Sp) = S 1P(1,571Sy).

Putting
U(x)=®(1,27"),
the result follows. O
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