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1 Introduction and motivation

Theproblemof how to specifya correlationmatrix occursin several importantareasof finance

andof risk management.A few of theimportantapplicationsare,for instance,thespecificationof

a (possiblytime-dependent)instantaneouscorrelationmatrix in thecontext of theBGM interest-

rateoptionmodels,stress-testingandscenarioanalysisfor market risk managementpurposes,or

thespecificationof acorrelationmatrixamongsta largenumberof obligorsfor credit-derivative

pricingor creditrisk management.

For thoseapplicationswherethemostimportantdesideratumis therecoveryof thereal-world

correlationmatrix,theproblemis in principlewell definedandreadilysolvableby meansof well-

establishedstatisticaltechniques.In practice,however, theestimationproblemscanbesevere:a

small numberof outliers,for instance,canseriously“pollute” a sample;non-synchronousdata

caneasilydestroy or hidecorrelationpatterns;andthediscontinuitiesin thecorrelationsurface

amongstforwardrateswhenmoving from depositratesto thefuturestrip,andfrom thelatterto

theswapmarketarewell known to practitioners.In all thesecases,theuseroftenresortsto best-

fitting the“noisy” elementsof thesamplecorrelationmatrix by meansof a plausibleparametric

function. This if, for instance,the routetakenby Rebonato[8] for his calibrationof theBGM
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model.�
Similarly, whenfacedwith the problemof pricing credit derivativessuchas, for instance,� th-to-default credit swaps,practitionersoften posit or adjust (rather than simply estimate)a

correlationmatrix betweenintuitively understandablefactors,suchascountry, industrialsector,

etc.

Evenwhenthecorrelationmatrix econometricallyestimatedis thoughtto bereliable,a risk

manageroften wantsto alter it in an ad hoc fashion,eitherasa stresstestor in the context of

scenarioanalysis.It is well known, for instance,that,in theeventof equitymarket crashes,the

correlationbetweendifferentequity marketscandramaticallyincrease(seeBoyer et al. [1]).

A risk managerin charge of a portfolio madeup of, say, severalnationalequity indiceswould

greatlyoverestimatethedegreeof diversificationin hisportfolio in theeventof acrashif heused

thematrixestimatedduring“normal” periods.

Another importantsituationwherestraightforward econometricestimationof a correlation

matrix is notpossibleis thecaseof legacy currencies(suchasFrenchFranc,theLira, etc., which

have all beensubsumedin theEuro). To tacklethis problemboth theoptionpricerandtherisk

managerhave to invent,on thebasisof financialintuition, acorrelationmatrix for acurrency for

which nohistoryexists.

Finally, andperhapsmostimportantly, statisticalestimationtechniquesbasedon theanalysis

of historicaldataare intrinsically ill suitedto provide predictionsof future quantitieswhena

paradigmshift hastaken place. Sucha paradigmshift could be, for instance,the imposition

of currency controlsfor an emerging market, the grantingof independenceof a centralBank,

a financialcrisis suchasRussia’s default in 1998,etc. In all thesecases,it is to someextent

possibleto glimpse,from the tradedpricesof options,forward-lookingestimatesof volatilities

that cansupplementor replacethe intrinsically backward-lookingeconometricestimates.The

informationavailablein derivative productsaboutthe futurecorrelationmatrix is, however, far

too convoluted1 to beof practicaluse.Whenever onethereforebelievedthat thepastmight not
1Themostpromisingareamight appearto be the caplet/swaptionmarkets. Rebonato[6, 7, 8] however shows
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be
�

a reliableguide to the future, onecould not realisticallyhopeto distil a market consensus

aboutthefuturecorrelationfrom theoptionsmarket,andonewouldhave to resortto alteringan

estimatedmatrixon thebasisof financialintuition.

Whatall thesedifferentsituations(andmany more)have in commonis thereforethedesir-

ability of alteringagivencorrelationmatrixdeemed,for any reason,inadequateor inappropriate

or of creatingtout court a new one. The task,unfortunately, is not assimpleasit might seem,

given the requirementof a correlationmatrix to be not only real symmetric,but alsopositive-

semidefinite.This requirement,it mustbe stressed,doesnot belongto the “nice-to-have” list,

but is anabsoluterequirement:if it werenot fulfilled, for instance,arisk managerwouldhaveno

guaranteethathisVaRcalculation,carriedoutusingavariance-covariancenormalapproximation

accordingto �����	�	
������������
(1)

will yield a positive number. In equation(1) above,


is the vectorof portfolio sensitivities to

themarket factorswhosecovariancematrix is denotedby
�

andtheconstant



dependson the

requiredpercentile.

Theproblemhasbeenrecognizedin the literatureandseveralpapershave appearedon the

subject(see,e.g. Kupiec [4], Finger [3], Brooks et al. [2]). The solutionsproposedso far,

however, have beenonly partial answersto the problem. The techniqueproposedby Finger,

for instance,is designedto increaseportionsof thecorrelationmatrix. Finger’s approach(also

reportedin Brookset al. [2]) hasthedrawbackthatsomeportionsof thecorrelationmatrix are

alteredin thedesiredfashion,but, in orderto retainpositive-semidefiniteness,theslackis taken

up by otherportionsof thematrix in anuncontrolledfashion.Theproblemswith this approach

is clearlypresentedby Brooksetal.:

that,in theabsenceof serialoptions,it is impossibleto pin down uniquelyfrom thepricesof tradedoptionsboththe

time-dependentvolatility of the forward ratesandthe correlationmatrix amongstthem. Furthermore,even if one

assumedperfectknowledgeof the instantaneousvolatility functionsfor all the forwardrates,swaptionpriceshave

very poor discriminatorypower with respectto differentcorrelationmatrices,becausethey dependmorestrongly

on thefunctionalform of theinstantaneousvolatilities.
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“...It [Finger’s] is not a simpleprocedurein practice,andrepresentsthemaindraw-

backin J.P. Morgan’s approach[i.e. RiskMetrics]... Notealsothat theothercorre-

lationsin thematrix (thatwehadno a priori view on) havealsochanged,but this is

thepricethatmustbepaidto ensureaconsistentrevisedcorrelationsmatrix.”

The shrinkagetechnique(Kupiec[4]) is different in spirit anddefinitely moregeneral. It pro-

ceedsby iteratingtowardsa feasiblesolutionthatmodifiesasmuchaspossible(in a non-easily

quantifiablesense)apre-existingwell definedpositivesemidefinitematrix towardsadesiredtar-

get correlationmatrix. Despiteits appealandgreatergenerality, its main drawbacksarethat it

canberathertimeconsuming(sinceit requiresa full matrixorthogonalisationat eachiteration);

that it requiresasa startingpoint and“anchor” a positive-semidefinitematrix to startwith; and

that,above all, thereis no way of determiningto whatextent the resultingmatrix is optimal in

any easilyquantifiablesense.

In orderto obviatetheseshortcomingwepresentamethodwhich:-

i) is guaranteedto produceapositive-semidefinitematrix;

ii) doesnot requireapre-existingacceptablematrix to startwith;

iii) is fastto implementevenfor largematrices;

iv) allows thedeterminationof a feasiblematrix thatmostcloselyapproximatesa target real

symmetric(but notpositive-semidefinite)matrix in awell-definedandquantifiablesense.

As for the lastpropertyof themethodherepresented,theuseris at liberty to specifya suitable

metricunderwhich thetechniqueis guaranteedto yield thebestpossibleanswer.

Furthermore,wepresentasecond,andevenfaster, method,whichsharespropertiesi), ii) and

iii) above,but which is notguaranteedto enjoy propertyiv)2. In all theempiricalstudieswehave

carriedout,however, theresultsobtainedusingthissecondapproachhavebeenextremelyclose,
2More precisely, thereprobablyexists a metric with respectto which this methoddoesprovide the optimal

solutionbut wehavenot beenableto identify it.
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albeit� not identical, to the onesobtainedusing the first technique. After presentingthe main

method,wethereforeproposethatthelattercanbeusedeitherasanexcellentfastapproximation

to thesolutionobtainedusingwhatis probablythemostintuitivemetricor asaninitial guessfor

thegeneralproblem.

2 Hypersphere decomposition

The startingpoint are the well known resultsfrom linear algebrathat every ����� matrix �
givenby � ����� �

(2)

for any
� ��� ��!"�

is positive-semidefiniteand that, conversely, every positive-semidefinite

matrix � ��� �#!"�
canbedecomposedasin equation(2).

Themethodweproposefor theconstructionof avalid correlationmatrix$�%�'&(& �
(3)

thatbest-matchesa given,not positive-semidefinite,targetmatrix
�

is to view theelementsof

therow vectorsof matrix
&

in equation(3) ascoordinateslying on a unit hypersphere[7, 8, 9].

If we denoteby )+*-, theelementsof thematrix
&

, thekey is to obtainthe �.�(� coordinates)+*-,
from �(�0/1�325476 angularcoordinates89*-, accordingto)+*-, � :9;=< 89*>, � ,@?BACD@E A <GFIH 89* D for J � 4LKMK+�32N4

and (4))+*-, � ,@?BACD@E A <GFIH 89* D for J � � K
For an arbitrarysetof anglesO�89*-,7P , a matrix

$�
formedfrom

&
asin equation(3) satisfiesall

the given constraintsrequiredof a correlationmatrix by construction. In particular, thanksto

thetrigonometricrelationship(4) andto therequirementthat theradiusof theunit hypersphere

shouldbeequalto one,themaindiagonalelementsareguaranteedto beunity.
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In general,matrix
$�

will bearno resemblanceto thetargetmatrix
�

. However, afterusing

theabove transformationandafterdefininga suitableerrormeasureQ in the resultingapproxi-

matecorrelationmatrix
$�

Q ��RRR RRR � 2 $�SRRR RRR T (5)

onecanuseanoptimisationprocedureover theangles89*-, to find thebestpossiblefit giventhe

chosenerrormeasure.Sensiblechoicesfor theerrormeasureare:-U Thesumof squaresof theelementsof thedifferencematrix V � 2 $�XW
,Y�Z

Elements [ �'\ *-, /1] *-, 2 $] *-, 6 Z K (6)

Sinceboth
�

and
$�

haveunit diagonalelements,thiserrornormis equalto twicethesum

of squaresof errorsin thefreecorrelationcoefficients.U Theelementwisesumof squaresof errorsin thesortedsetsof eigenvaluesof
�

and
$�

,Y�Z
Eigenvalues [ � \ * V7^ * 2 $^ * W Z K (7)

Naturally, the above suggestionsareonly examplesandvariousotherchoicesareconceivable.

If, in particular, arisk managerfelt thatcertainportionsof thetargetcorrelationmatrix
�

should

be recoveredwith particularlyhigh accuracy, thencorrespondinglylarge weightscould be as-

signedto therelativeelements/1] *-, 2 $] *-, 6 Z . In this context, theerrornormgivenby equation(6),

whereeveryelementhasexactly thesameweight,hasbeenshown by Rebonato[7, 8, 9] to have

desirableglobalfeaturesin sofarasthecalibrationof theBGM modelis concerned.

The fundamentalbenefitsof this methodaretwofold: first, whentheunderlyingspaceover

whichtheoptimisationis carriedoutis expressedin termsof anglevectorsdescribingcoordinates

on a unit hypersphere,no constraintshave to besatisfied.This canbeof substantialbenefitfor

the numericalfitting procedure.More importantly, despitethe fact that the procedureis still

iterative,unliketheshrinkingmethod[4], it simply requiresamatrixmultiplicationperiteration,
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rather_ thana full matrix diagonalisation3. This canmake a big difference,especiallyfor large

matrices. Furthermore,the approachpresentedin the next sectionrequiresno iterationsand

providesa solutionvery similar to the oneobtainedusingerror metric (6). It canthereforebe

usedto provide thestartingpoint for thesearchprocedure,therebyfurther reducingtheoverall

computationalcost.

3 Spectral decomposition4

Giventheright-hand-sideeigensystem̀ of therealandsymmetricmatrix
�

andits associated

setof eigenvaluesO ^ *aP suchthat�b� ` �dce� ` with
cf�

diag / ^ * 6 T (8)

definethenon-zeroelementsof thediagonalmatrix
chg

aschg [ ^ g* � ijk jl ^ * [ ^ *�mdnn [ ^ *�o5n K (9)

If the targetmatrix
�

is not positive-semidefinite,it hasat leastonenegative eigenvalueandat

leastoneof the ^ g* will bezero.

Also,definethenon-zeroelementsof thediagonalscalingmatrix p with respectto theeigen-

system̀ by

p [ q * � rs\Gtvu Z* t ^ gtxw ?BA K (10)

Now, let &yg [ � `{z c}| (11)

3It shouldbenotedthatfor mostoptimisationprocedures,thefunctiondefiningtheerrornormhasto beevaluated

many timesperiterationsincetypically somekind of Hessianor Jacobianmatrix is alsoneeded.Thus,thereduction

in computationaleffort at this level canbecrucial.
4alsoknown asprincipalcomponentanalysis
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and� & [ � z p &yg~� z p�` z ch| K (12)

By construction, $� [ �d&�& � (13)

is now both positive-semidefiniteandhasunit diagonalelements.A proceduraldescriptionof

theabovemethodmayclarify whatactuallyhasto bedone:�
Calculatetheeigenvalueŝ * andtheright-hand-sideeigenvectors��* of

�
.�

Setall negative ^ * to zero.�
Multiply thevectors�#* with their associated“corrected”eigenvalueŝ

g* andarrangeasthe

columnsof
& g

.�
Finally,

&
resultsfrom

&�g
by normalisingtherowvectors of

&yg
to unit length.

By following thisprocedureweobtainanacceptablecorrelationmatrixwhichis intuitively “sim-

ilar” to thetargetone(themoreso,thefewer theeigenvalueswhich have to besetto zero).The

crucialpoint, however, is not somuchtheplausibility of themetricbut thefact thatempirically

we have alwaysobserved the resultsobtainedusingequations(8) to (13) to be very similar to

thosefrom the angularmethoddiscussedin section2. How closethe resultsarein practiceis

shown in thenext section.This is significantbecauseonecanusethe resultof themethodde-

scribedhereeitherasanaccurateapproximationto thebest(in a Y ZElementssense)solution,or as

thestartingpoint for theoptimisationdiscussedin section2, therebysubstantiallyreducingthe

computationalburdenof thehyperspheredecompositionapproach.
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4 Examples

A risk managerretrieves from the middle office’s reportingsystemthe following correlation

matrixof threeworld equityindices:

��%� ������
4 n K�� n K��n K�� 4 n K��n K�� n K�� 4

�9����� K
Theeigenvaluesof

��
are O�� K����=���=� T n K��~4�� n 47� T n K n � n �=����� P andthecorrelationmatrixcan

besplit upasin ��%� �& �& �
with

�&�� ������ n K��=�#�"� � n K n �#��4�� 2 n KI4��~4�� �n K��=�=�#�#� n K��#���=��� n KI4 n=n#� 4n K��=� �=n � 2 n K��=��� � � n K n �"�����
� ����� K

Therisk manageris awareof theValueat Risk calculatedundertheassumptionof this cor-

relationbetweenthethreeindices.In orderto assessthechangein Valueat Risk resultingfrom

adecreasein correlationbetweentwo of thethreeunderlyingvariables,therisk managerwishes

to adjustthematrix to

�%� ������
4 n K�� n K��n K�� 4 n K��n K�� n K�� 4

� ����� K
Unfortunately, theeigenvaluesof

�3g
arenow O � K � ���#�"� T n K���4 n � � � T 2 n K n=n �=�#� � ��� P , andde-

spite its plausibleappearance,matrix
� g

is no longer an acceptablecorrelationmatrix. This

highlights how a minor changecan lead to the violation of the requirementof positive-semi-

definitenessof acorrelationmatrix. Thesystemwill now fail whentrying to constructa split-up
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matrix� &
for the purposeof Monte Carlo simulations5 in order to calculatethe Valueat Risk

underthenew assumptions.

Usingthemethodoutlinedin section2 with theerrormeasurechosento be Y ZElementsasgiven

by equation(6), wecancalculate

$&�� ������ n K������ n � n K n � � ��� nn K����=�#� � n K�� n#�=n � nn K��"� n#�"n 2 n K��#� � ��� n
�9�����

with

$�%� $& $& � � ������
4 n K����=�#�=� n K������=� �n K����"���=� 4 n K�� n#� �"�n K����=��� � n K�� n#� �"� 4

�9�����
anda total errorof Y ZElements

� n K��=�#� � 4 n ?�� .
In comparison,themethodoutlinedin section3 above,yields

$&�� ������ n K������ n � n K n � � �=� nn K����=�#�"� n K�� n#� � � nn K��=���#��� 2 n K��#� � � n n
�9�����

to giveus

$��� $& $& � � ������
4 n K����=� n�� n K�������� �n K����=� n�� 4 n K�� n 4 n=nn K�������� � n K�� n 4 n=n 4

�9����� K
Onecannoticethatnotonly thetotalerrorof Y ZElements

� 4�K n � 4 n ?�� but alsotheindividualelements

are remarkablycloseto the valuesobtainedby optimisation. Despitethe fact that thereis in

generalno guaranteethattheresultsof thetwo methodsareasclosetogetherasin this example,

we have alwaysfound very goodagreementbetweenthe two approaches.To show the point,
5Theconstructionof correlatednormalvariatesfrom a vectorof uncorrelatednormalvariates� is doneby the

transformation �¡£¢�¤¥� with ¦S¡£¢}¢¨§ .
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we© presentbelow thestresscaseof a realsymmetric 4 � �ª4 � matrix which wasconstructedby

calculatingthestatisticalcovarianceof 316vectorsof 12 uniform randomnumbersandshifting

the digits of 12 randomlychosennondiagonalelements(randomly)by oneplaceto the left or

right (whilst limiting themto be
�0« 2¬4 T 49 ). Therefore,wehave thegiventarget

�%� ��������
As® ¯s¯s¯°?±¯G® ¯ ZsZ ?±¯G® ¯s²GA³?±¯G® ²´�¶µ�¯G® ·s·´¸�¯G® ¯s¹s¹x?±¯G® ¯sµGAº¯G® ¯s¯s»°?±¯G® ¯s²s¹¼¯G® ¯´�+Aº¯G® ¯´�¶²°?±¯G® ¯s¹¶·?±¯G® ¯ ZsZ As® ¯s¯s¯L?±¯G®>A1�¶¯x?±¯G® ¯¶·s·�¯G®>AsA1�°?±¯G® ¯s¸s¹x?±¯G® ¯s»s»°?±¯G® ¯s²s»�¯G® ¯ Z ²¼¯G® ¯´�¶µ�¯G® ¯s¹s¯°?BAs® �¶²sµ?±¯G® ¯s²GA½?±¯G®>A1�¶¯¾As® ¯s¯s¯¼¯G® ¯s¸sµ°?±¯G® ¯GA1�°?±¯G® ¯´�¶¹x?±¯G® ¯GAa¯°?±¯G® ¯ Z A½?±¯G® ¯´�¶¸¼¯G® ¯s¯ Z ?±¯G®>Aa»s¯�¯G® ¯s¯¶·?±¯G® ²´�¶µL?±¯G® ¯¶·s·¼¯G® ¯s¸sµ¿As® ¯s¯s¯°?±¯G® ¯s¹¶·¼¯G® ¯s¹s»¼¯G® ¯sµs¹°?±¯G® ¯sµs¸�¯G® ¯s¹¶·�¯G® ¯´�¶¯L?±¯G® ¯s¹s²�¯G® ¯ Z ·¯G® ·s·´¸�¯G®>AsA1�°?±¯G® ¯GA1�L?±¯G® ¯s¹¶·¾As® ¯s¯s¯L?±¯G® ¯¶·À��¯G® ¯´� Z ¯G® ¯s¯´�Á?±¯G® ¯´�¶¹¼¯G® ¯ Z ��¯G® ¯´�¶»°?±¯G®>AsAa¯¯G® ¯s¹s¹°?±¯G® ¯s¸s¹L?±¯G® ¯´�¶¹¼¯G® ¯s¹s»°?±¯G® ¯¶·À�vAs® ¯s¯s¯¼¯G®>A1�+Aº¯G® ¯ Z ·L?±¯G® ¯ Z »¼¯G® ¯sµs¹L?±¯G® ¯´�¶»�¯G® ¯¶·s·?±¯G® ¯sµGA½?±¯G® ¯s»s»L?±¯G® ¯GAa¯¼¯G® ¯sµs¹�¯G® ¯´� Z ¯G®>A1�+A¼As® ¯s¯s¯�¯G® »GAa²°?±¯G® ¯ Z ·Â?±¯G® ¯´�¶µ�¯G® ¯ Z ¹�¯G® ¯ Z ¯¯G® ¯s¯s»°?±¯G® ¯s²s»L?±¯G® ¯ Z A³?±¯G® ¯sµs¸�¯G® ¯s¯´��¯G® ¯ Z ·�¯G® »GAa²¾As® ¯s¯s¯°?±¯G® ¯s¹sµx?±¯G® ¯sµs²�¯G® ¯GAa¯�¯G® ¯s¯s»?±¯G® ¯s²s¹�¯G® ¯ Z ²L?±¯G® ¯´�¶¸¼¯G® ¯s¹¶·L?±¯G® ¯´�¶¹L?±¯G® ¯ Z »x?±¯G® ¯ Z ·L?±¯G® ¯s¹sµ¾As® ¯s¯s¯x?±¯G® ¯s¯ Z ?±¯G® ¯s¸s¹°?±¯G® ¯GAa²¯G® ¯´�+A%¯G® ¯´�¶µ�¯G® ¯s¯ Z ¯G® ¯´�¶¯�¯G® ¯ Z ��¯G® ¯sµs¹x?±¯G® ¯´�¶µ°?±¯G® ¯sµs²L?±¯G® ¯s¯ Z As® ¯s¯s¯L?±¯G®>AÃ·´¯°?BAs® ¯¶· Z¯G® ¯´�¶²�¯G® ¯s¹s¯L?±¯G®>Aa»s¯x?±¯G® ¯s¹s²�¯G® ¯´�¶»L?±¯G® ¯´�¶»¼¯G® ¯ Z ¹�¯G® ¯GAa¯°?±¯G® ¯s¸s¹x?±¯G®>AÃ·´¯¾As® ¯s¯s¯°?±¯G® ¯s»sµ?±¯G® ¯s¹¶·x?BAs® �¶²sµ�¯G® ¯s¯¶·�¯G® ¯ Z ·L?±¯G®>AsAa¯�¯G® ¯¶·s·�¯G® ¯ Z ¯�¯G® ¯s¯s»°?±¯G® ¯GAa²x?BAs® ¯¶· Z ?±¯G® ¯s»sµvAs® ¯s¯s¯

�9�������
with theaccompanying setof eigenvaluesO"� K��=��� T � KM4���� T 4�K���� n T 4�K � �=� T 4�K n �#� T 4�K n 4�� T n K��"�#� T n K�� �=n T n K��"� � T n K���� � T 2 n KM4��#� T 2 n K�� � 4 P K
We obtainfrom optimisationoverangularcoordinates

$&�� ��������
?±¯G®>AÃ·´¸x?±¯G® ¸s¹¶·¼¯G® ¯s»s¸�¯G®>Aa¹ Z ¯G® ¯sµs¹L?±¯G® ¯GAsAÄ?±¯G® ¯GAa¸¼¯G® ¯s»sµL?±¯G® ¯s»s»x?±¯G® ¯s¯ Z ¯G® ¯s¯s¯½¯G® ¯s¯s¯?±¯G® ¸s¯sµ¼¯G®>AsAa¯L?±¯G® ¯ Z ²°?±¯G® Z ·´¸x?±¯G® ¯s»´�°?±¯G® ¯¶·´²°?±¯G® ¯GAa²¼¯G® Z Aa»�¯G®>Aa²s¹¼¯G® ¯´�¶¯Ä¯G® ¯s¯s¯½¯G® ¯s¯s¯¯G® ¯s¸s¹¼¯G®>Aa»´��¯G®>AsAsA%¯G® �¶µs¯x?±¯G® ¹´�¥·x?±¯G® ¯´�¥·L?±¯G® ¯s¯ Z ¯G® µGAa²L?±¯G® Z µs¹¼¯G® ¯sµs¹Ä¯G® ¯s¯s¯½¯G® ¯s¯s¯¯G®>Aa»sµ¼¯G® ·´¹s¹L?±¯G® ¯sµsµ�¯G® ¯sµ´�L?±¯G®>A Z ·x?±¯G® ¯s²GAÄ?±¯G® µ´� Z ?±¯G® ZsZ »�¯G® ¯s¹´��¯G®>Aa»¶·½¯G® ¯s¯s¯½¯G® ¯s¯s¯?±¯G® Z Aa¸x?±¯G® ¹¶·ÅA½?±¯G® ¯GA Z ¯G®>A1�¶µx?±¯G®>Aa²¶·x?±¯G® Z µ´�Á?±¯G® µ¶·´¹x?±¯G®>Aa¹s²�¯G® ¯s²´��¯G®>AsAa¹Ä¯G® ¯s¯s¯½¯G® ¯s¯s¯¯G® ¯s¸s¯¼¯G® ¯GAa¹L?±¯G® »´�¶¸�¯G® » Z ¯¼¯G® µ´�¥·¼¯G® � ZsZ ?±¯G® Z ²s»¼¯G® �¶¯ Z ¯G® ¯s»s²¼¯G® Z Aa²Ä¯G® ¯s¯s¯½¯G® ¯s¯s¯¯G® ¯s¹´��¯G® ¯GAa²L?±¯G® ·´¸s¹�¯G® ¯s» Z ?±¯G® ¯s»´�°?±¯G® Z AsAÄ?±¯G®>A Z »¼¯G® ¯s¸s»L?±¯G® ¯ Z A³?±¯G® µ´�¶¯Ä¯G® ¯s¯s¯½¯G® ¯s¯s¯¯G® ¯¶·´µx?±¯G® ¯¶·´¯L?±¯G® ·´» Z ?±¯G® ¯s¯¶·Â?±¯G®>Aaµ´�°?±¯G® Z AÃ·�¯G® »´�¶¹°?±¯G®>Aaµs¹L?±¯G® ¯´�¶µ¼¯G® �¶²s¹Ä¯G® ¯s¯s¯½¯G® ¯s¯s¯?±¯G® ¯GAsAb¯G®>Aaµs¸�¯G® Z ¯GA%¯G® ¯ Z ¸¼¯G® �¶¸´�°?±¯G® ·´» Z ?±¯G® ¯ Z »¼¯G®>AÃ·´¯L?±¯G® »´�¶²¼¯G® ¯s¹ Z ¯G® ¯s¯s¯½¯G® ¯s¯s¯?±¯G® ¹¶·À��¯G®>Aa¹GA½?±¯G® ¯ Z ·�¯G® �¶²s¸¼¯G® ¯s²s»�¯G®>Aa¸s¯¼¯G® ¯s¹s¸°?±¯G® »s»´�°?±¯G® »´�+A³?±¯G® ¯s¹s¸Ä¯G® ¯s¯s¯½¯G® ¯s¯s¯?±¯G® ¯s¯s¹x?±¯G®>Aaµ´�°?±¯G®>AsA Z ?±¯G® ¹s¸¶·Â?±¯G® ¯s¸s¯�¯G® Z ·´µ°?±¯G® Z �¶µ¼¯G® ¯´�¶µL?±¯G® µ¶·À��¯G® ¯sµs»Ä¯G® ¯s¯s¯½¯G® ¯s¯s¯¯G® ¸s²s²x?±¯G®>Aa»s¹�¯G® ¯sµs»°?±¯G® ¯s¯´��¯G® ¯ Z �°?±¯G® ¯GAsAÄ?±¯G® ¯GAaµx?±¯G® ¯ Z ²�¯G® ¯ Z A³?±¯G® ¯GA Z ¯G® ¯s¯s¯½¯G® ¯s¯s¯

�9�������
with Y ZElements

� 4�KM4��#� .
In comparison,usingthespectralsplitting technique,wecalculate

$&�� ��������
?±¯G®>Aa¸s¸x?±¯G® ¸s¹s»�¯G® ¯s»s²�¯G®>Aa¹s¯¼¯G® ¯sµs¹L?±¯G® ¯GAsAÄ?±¯G® ¯GAa¸¼¯G® ¯s»sµL?±¯G® ¯s» Z ?±¯G® ¯s¯ Z ¯G® ¯s¯s¯½¯G® ¯s¯s¯?±¯G® ²sµ´��¯G®>A Z A½?±¯G® ¯ Z ²°?±¯G® » Z ¹x?±¯G® ¯s»s¹L?±¯G® ¯s¸s²°?±¯G® ¯ Z ·�¯G® Z ¹s¹�¯G® Z µs»¼¯G® ¯´�¶²Ä¯G® ¯s¯s¯½¯G® ¯s¯s¯¯G® ¯s¸s¯¼¯G®>Aa»GAº¯G®>AsAsA%¯G® �¶µ Z ?±¯G® ¹´�¶¹L?±¯G® ¯´�¥·L?±¯G® ¯s¯GAb¯G® µ ZsZ ?±¯G® Z µ Z ¯G® ¯sµsµÄ¯G® ¯s¯s¯½¯G® ¯s¯s¯¯G®>A1�¶¹¼¯G® ·´µsµL?±¯G® ¯sµ´��¯G® ¯sµs¹x?±¯G®>A Z ·x?±¯G® ¯s²´�Á?±¯G® µsµs»x?±¯G® Z AÃ·¼¯G® ¯¶·´¯¼¯G®>A1�s�Â¯G® ¯s¯s¯½¯G® ¯s¯s¯?±¯G® ZsZ »x?±¯G® ¹s¹s»L?±¯G® ¯GAa»�¯G®>A1�¶»x?±¯G®>Aa¸GA½?±¯G® Z µs¹°?±¯G® µs²GA³?±¯G®>AÃ·s·¼¯G® ¯s²s»¼¯G®>AsAaµÄ¯G® ¯s¯s¯½¯G® ¯s¯s¯¯G® ¯s²¶·�¯G® ¯GAa¯L?±¯G® »´�¶¸�¯G® »GAÃ·�¯G® µ´�¥·¼¯G® � ZsZ ?±¯G® Z ²´��¯G® �¶¯´��¯G® ¯s»s²¼¯G® Z Aa²Ä¯G® ¯s¯s¯½¯G® ¯s¯s¯¯G® ¯s¹s²¼¯G® ¯GAa¹L?±¯G® ·´¸sµ�¯G® ¯s»s»x?±¯G® ¯s»s»L?±¯G® Z Aa¯°?±¯G®>A ZsZ ¯G® ¯s¸ Z ?±¯G® ¯ Z A³?±¯G® µ´�+A�¯G® ¯s¯s¯½¯G® ¯s¯s¯¯G® ¯¶·ÅA³?±¯G® ¯s¹s¸L?±¯G® ·´»s»°?±¯G® ¯s¯¶·Â?±¯G®>AaµsµL?±¯G® Z AÃ·�¯G® »´�¶¹°?±¯G®>AaµsµL?±¯G® ¯´�s��¯G® �¶²s¹Ä¯G® ¯s¯s¯½¯G® ¯s¯s¯?±¯G® ¯GAsAb¯G®>Aaµ¶·¼¯G® Z ¯GA%¯G® ¯s»GAb¯G® �¶¸´�°?±¯G® ·´»GAÄ?±¯G® ¯ ZsZ ¯G®>AÃ·´¯L?±¯G® »´�¶¸¼¯G® ¯s¹ Z ¯G® ¯s¯s¯½¯G® ¯s¯s¯?±¯G® ¹´�¶»¼¯G®>AÃ·´¯L?±¯G® ¯ Z µ�¯G® µs¯ Z ¯G® ¯s¸s¯�¯G®>Aa¸´��¯G® ¯¶·´¯°?±¯G® »sµs¸L?±¯G® »´�s�L?±¯G® ¯s²s¯Ä¯G® ¯s¯s¯½¯G® ¯s¯s¯?±¯G® ¯GA Z ?±¯G®>A1�¶¸L?±¯G®>AsA Z ?±¯G® ¹s¸s¯x?±¯G® ¯s¸ Z ¯G® Z ·s·L?±¯G® Z � Z ¯G® ¯s»s²L?±¯G® µs²´��¯G® ¯sµs¯Ä¯G® ¯s¯s¯½¯G® ¯s¯s¯¯G® ¸s²s»x?±¯G®>Aa¹s»�¯G® ¯s¹s¹°?±¯G® ¯s¯´��¯G® ¯s»s¯L?±¯G® ¯GA1�Á?±¯G® ¯GAa¸x?±¯G® ¯s»s¹�¯G® ¯ Z ·Â?±¯G® ¯GAa¹Ä¯G® ¯s¯s¯½¯G® ¯s¯s¯

�9�������
with Y ZElements

� 4�K �=n � which demonstratestheproximity of theresultsof thetwo methodseven

for a doublynon-positive-semidefinitetargetmatrix.

5 Conclusion

We havepresentedtwo simplemethodsto producea feasible(i.e. real,symmetric,andpositive-

semidefinite)correlationmatrix when the econometricone is eithernoisy, unavailable,or in-

appropriate.The first methodis to the knowledgeof the authorsmoregeneralthanany of the
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approaches� which have beenproposedin the literature,andcomputationallyfaster. It canactu-

ally producetheoptimalfeasiblesolutionin asensespecifiedby theuser. Thesecondmethodis,

in principle,notasgeneral,but weshow thati) it is extremelyfastandii) it producesresultsvery

closeto thoseobtainedusingthegeneralprocedure.It canthereforebeusedin its own right, or

asastartingpoint for thegeneraloptimisationprocedure,therebymakingthelatterevenfaster.
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