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1 Introduction and motivation

The problemof how to specifya correlationmatrix occursin severalimportantareasof finance
andof risk managementA few of theimportantapplicationsare for instancethespecificatiorof
a(possiblytime-dependentjpstantaneousorrelationmatrixin the context of the BGM interest-
rateoptionmodels stress-testingndscenarianalysisfor marketrisk managememnurposesor
the specificatiorof a correlationmatrix amongst large numberof obligorsfor credit-dervative
pricing or creditrisk management.

For thoseapplicationsvherethemostimportantdesideatumis therecovery of thereal-world
correlationmatrix, theproblemis in principlewell definedandreadilysolvableby meansf well-
establishedtatisticaltechniquesin practice however, the estimationproblemscanbe severe:a
small numberof outliers,for instance canseriously“pollute” a sample;non-synchronoudata
caneasilydestry or hide correlationpatterns;andthe discontinuitiesn the correlationsurface
amongsforward rateswhenmoving from depositratesto the future strip, andfrom the latterto
theswapmarketarewell known to practitionersin all thesecasesthe useroftenresortsto best-
fitting the“noisy” elementof the samplecorrelationmatrix by meansof a plausibleparametric

function. This if, for instancethe routetaken by Rebonatd8] for his calibrationof the BGM



model.

Similarly, whenfacedwith the problemof pricing credit derivativessuchas, for instance,
n'"-to-defult credit swaps, practitionersoften posit or adjust(ratherthan simply estimate)a
correlationmatrix betweenntuitively understandabléactors,suchascountry industrialsector
etc

Evenwhenthe correlationmatrix econometricallyestimateds thoughtto bereliable,a risk
manageioften wantsto alterit in anad hocfashion,eitherasa stresstestor in the context of
scenaricanalysis.It is well known, for instancethat,in the eventof equity market crashesthe
correlationbetweendifferentequity markets can dramaticallyincrease(seeBoyer et al. [1]).
A risk manageiin chage of a portfolio madeup of, say several nationalequity indiceswould
greatlyoverestimatehedegreeof diversificationin his portfolio in theeventof a crashif heused
the matrix estimatedduring “normal” periods.

Anotherimportantsituationwherestraightforward econometricestimationof a correlation
matrixis not possibles the caseof legagy currenciegsuchasFrenchFranc thelLira, etc, which
have all beensubsumedn the Euro). To tacklethis problemboth the option pricerandthe risk
managehave to invent,on the basisof financialintuition, a correlationmatrix for acurreng for
which no history exists.

Finally, andperhapsnostimportantly statisticalestimatiorntechniquedvasedntheanalysis
of historicaldataare intrinsically ill suitedto provide predictionsof future quantitieswhena
paradigmshift hastaken place. Sucha paradigmshift could be, for instance the imposition
of curreny controlsfor an emeging market, the grantingof independencef a centralBank,
a financial crisis suchas Russias default in 1998, etc In all thesecasesijt is to someextent
possibleto glimpse,from the tradedpricesof options,forward-lookingestimatesf volatilities
that cansupplemenbr replacethe intrinsically backward-lookingeconometricestimates.The
informationavailablein dervative productsaboutthe future correlationmatrix is, however, far

too convoluted to be of practicaluse. Whenerer onethereforebelievedthatthe pastmight not

1The mostpromisingareamight appearto be the caplet/svaptionmarkets. Rebonatd6, 7, 8] however shavs



be a reliable guide to the future, one could not realistically hopeto distil a market consensus
aboutthe future correlationfrom the optionsmarket, andonewould have to resortto alteringan
estimatednatrix on the basisof financialintuition.

Whatall thesedifferentsituations(and marny more) have in commonis thereforethe desir
ability of alteringa givencorrelationmatrix deemedfor any reasonjnadequat®r inappropriate
or of creatingtout court a new one. The task,unfortunatelyis not assimpleasit might seem,
giventhe requiremenbf a correlationmatrix to be not only real symmetric,but also positive-
semidefinite. This requirementjt mustbe stresseddoesnot belongto the “nice-to-have” list,
but is anabsoluteaequirementif it werenotfulfilled, for instancearisk managewould have no
guarante¢hathis VaRcalculation carriedoutusingavariance-ceariancenormalapproximation

accordingto
VaR=k-aT-C-a Q)

will yield a positve number In equation(1) above, a is the vectorof portfolio sensitvities to
the market factorswhosecovariancematrix is denotedoy C' andthe constantt dependsn the
requiredpercentile.

The problemhasbeenrecognizedn the literatureandseveral papershave appearean the
subject(see,e.g. Kupiec[4], Finger[3], Brookset al. [2]). The solutionsproposedso far,
however, have beenonly partial answersto the problem. The techniqueproposedby Finget
for instancejs designedo increaseportionsof the correlationmatrix. Fingers approachalso
reportedin Brooksetal. [2]) hasthe dravbackthatsomeportionsof the correlationmatrix are
alteredin the desiredfashion,but, in orderto retainpositve-semidefinitenesshe slackis taken
up by otherportionsof the matrix in anuncontrolledfashion.The problemswith this approach

is clearlypresentedby Brooksetal.:

that,in theabsencef serialoptions,it isimpossibleto pin down uniquelyfrom the pricesof tradedoptionsboththe
time-dependentolatility of the forward ratesandthe correlationmatrix amongsthem. Furthermoregvenif one
assumegerfectknowledgeof the instantaneousolatility functionsfor all the forward rates,swaptionpriceshave
very poor discriminatorypower with respecto differentcorrelationmatrices,becausehey dependmorestrongly

onthefunctionalform of theinstantaneousolatilities.



“...It [Finger’s] is not a simpleproceduran practice,andrepresentshe maindraw-
backin J.P Morgan's approacHi.e. RiskMetrics]... Note alsothatthe othercorre-
lationsin the matrix (thatwe hadno a priori view on) have alsochangedbut thisis

the pricethatmustbe paidto ensurea consistentevisedcorrelationsmatrix”’

The shrinkagetechnique(Kupiec[4]) is differentin spirit anddefinitely more general. It pro-
ceeddy iteratingtowardsa feasiblesolutionthat modifiesasmuchaspossible(in a non-easily
quantifiablesensep pre-«isting well definedpositive semidefinitematrix towardsa desiredar
getcorrelationmatrix. Despiteits appealandgreatergenerality its main dravbacksarethat it
canberathertime consumingsinceit requiresa full matrix orthogonalisatiomt eachiteration);
thatit requiresasa startingpoint and“anchor” a positive-semidefinitenatrix to startwith; and
that, above all, thereis no way of determiningto what extentthe resultingmatrix is optimal in

ary easilyquantifiablesense.

In orderto obviatetheseshortcomingve presenta methodwhich:-
i) is guaranteedtb producea positve-semidefinitenatrix;
i) doesnotrequirea pre-«isting acceptablenatrix to startwith;
iii) is fastto implementevenfor large matrices;

iv) allows the determinatiorof a feasiblematrix that mostcloselyapproximates targetreal

symmetric(but not positive-semidefinitejnatrix in awell-definedandquantifiablesense.

As for the lastpropertyof the methodherepresentedthe useris at liberty to specifya suitable

metricunderwhich thetechniquds guaranteedbo yield the bestpossibleanswer
Furthermorewe presenasecondandevenfaster methodwhich sharegroperties), ii) and

iii) above,but whichis notguaranteedo enjoy propertyiv)?. In all theempiricalstudiesve have

carriedout, however, theresultsobtainedusingthis secondapproachave beenextremelyclose,

2More precisely there probably exists a metric with respectto which this methoddoesprovide the optimal

solutionbut we have notbeenableto identify it.



albeit not identical, to the onesobtainedusing the first technique. After presentingthe main
method we thereforeproposehatthelattercanbe usedeitherasanexcellentfastapproximation
to the solutionobtainedusingwhatis probablythe mostintuitive metricor asaninitial guesgor

thegeneraproblem.

2 Hypersphere decomposition

The startingpoint are the well known resultsfrom linear algebrathat every n x n matrix M

givenby
M=ww" (2)

forany W € R™ " is positive-semidefiniteand that, corversely every positive-semidefinite
matrix M € R™*" canbedecomposedsin equation(2).

Themethodwe proposefor the constructiorof a valid correlationmatrix
C =BB” (3)

thatbest-matchea given, not positive-semidefinitetarget matrix C' is to view the elementof
therow vectorsof matrix B in equation(3) ascoordinatedying on a unit hyperspheré¢7, 8, 9].
If we denoteby b;; the elementf the matrix B, thekey is to obtainthen x n coordinates;;

fromn x (n — 1) angularcoordinate®);; accordingto

j—1
bij = CO0S Qij . H sin 0;, for j=1.n-1
k=1
and 4)
j—1
bij = H sin sz for ji=n
k=1

For an arbitrary setof angles{#;,}, a matrix C formedfrom B asin equation(3) satisfiesall
the given constraintgequiredof a correlationmatrix by construction. In particular thanksto
the trigonometricrelationship(4) andto the requirementhatthe radiusof the unit hypersphere

shouldbe equalto one,the maindiagonalelementsareguaranteedo be unity.
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In generalmatrix € will bearno resemblancéo the targetmatrix C. However, after using
the above transformatiorand after defininga suitableerror measure in the resultingapproxi-

matecorrelationmatrix C
g:Hc—éH , (5)

onecanusean optimisationprocedureover the anglesy;; to find the bestpossiblefit giventhe

chosererrormeasureSensiblechoicesfor the errormeasurare:-

e Thesumof square®of the elementof the differencematrix (C — C’),
Xélements:: Z (cij - éij)Q : (6)
ij
SincebothC andC have unit diagonalelementsthis errornormis equalto twice thesum

of square®f errorsin thefree correlationcoeficients.

e Theelementwisesumof square®f errorsin the sortedsetsof eigervaluesof C andC,

X%igen/alues:: Z ()‘i - j\z) : . (7

(3

Naturally, the above suggestionsre only examplesand variousotherchoicesare concevable.
If, in particular arisk managefelt thatcertainportionsof thetargetcorrelationmatrix C should
be recoreredwith particularly high accurag, then correspondinglyarge weightscould be as-
signedto therelative elementgc;; — éz-j)2. In this context, the errornormgivenby equation(6),
whereevery elementhasexactly the sameweight, hasbeenshavn by Rebonatd7, 8, 9] to have
desirableglobalfeaturesn sofarasthe calibrationof the BGM modelis concerned.

The fundamentabenefitsof this methodaretwofold: first, whenthe underlyingspaceover
whichtheoptimisationis carriedoutis expressedn termsof anglevectorsdescribingcoordinates
on a unit hypersphereno constraintdhave to be satisfied. This canbe of substantiabenefitfor
the numericalfitting procedure. More importantly despitethe fact that the procedures still

iterative, unlike the shrinkingmethod[4], it simply requiresa matrix multiplicationperiteration,



ratherthana full matrix diagonalisatiod This canmake a big difference especiallyfor large
matrices. Furthermore the approachpresentedn the next sectionrequiresno iterationsand
providesa solutionvery similar to the one obtainedusing error metric (6). It canthereforebe
usedto provide the startingpoint for the searchproceduretherebyfurther reducingthe overall

computationatost.

3 Spectral decomposition®

Giventheright-hand-sideeigensysten$ of the realandsymmetricmatrix C' andits associated

setof eigemvalues{ \;} suchthat
C-S=A-S with A =diag(X;) (8)

definethe non-zercelementof the diagonalmatrix A’ as

, , )‘z : )‘z 2 0
0 : M\<0
If thetargetmatrix C' is not positive-semidefiniteit hasat leastone negative eigervalueandat
leastoneof the \; will bezero.

Also, definethenon-zercelement®of thediagonalscalingmatrix T with respecto theeigen-

systemS' by

-1
T : t= [Z s?m/\;n] . (10)
Now, let

B = SVA’ (11)

3]t shouldbenotedthatfor mostoptimisationproceduresthefunctiondefiningtheerrornormhasto beevaluated
mary timesperiterationsincetypically somekind of Hessiaror Jacobiammatrixis alsoneededThus,thereduction

in computationaéffort atthis level canbecrucial.
4alsoknown asprincipalcomponenganalysis



and
B :=VTB =VTSVA . (12)
By construction,
C:=BB" (13)

is now both positve-semidefiniteand hasunit diagonalelements.A proceduraldescriptionof

the abore methodmay clarify whatactuallyhasto bedone:

- Calculatethe eigervalues); andtheright-hand-sidesigervectorss; of C.
- Setall negative \; to zero.

- Multiply thevectorss; with their associatedcorrected”eigervalues)\; andarrangeasthe

columnsof B'.
- Finally, B resultsfrom B’ by normalisingthe row vectoss of B’ to unit length.

By following this procedurave obtainanacceptableorrelationmatrix whichis intuitively “sim-
ilar” to thetargetone(the moreso, the fewer the eigervalueswhich have to be setto zero). The
crucial point, however, is not somuchthe plausibility of the metric but the factthatempirically
we have alwaysobsened the resultsobtainedusingequationg8) to (13) to be very similar to
thosefrom the angularmethoddiscussedn section2. How closethe resultsarein practiceis
shaown in the next section. This is significantbecausene canusethe resultof the methodde-
scribedhereeitherasan accurateapproximatiorto the best(in a xZ,.enisSENSEBOIUtiON, Or as
the startingpoint for the optimisationdiscussedn section2, therebysubstantiallyreducingthe

computationaburdenof the hyperspherelecompositiorapproach.



4 Examples

A risk managerretrieves from the middle office’s reporting systemthe following correlation

matrix of threeworld equityindices:

C=1(09 1 04

Theeigen/aluesoféare{ 2.35364, 0.616017, 0.0303474 } andthecorrelationmatrixcan

besplit upasin

with

0.98742  0.08718 —0.13192
B=| 088465 045536 0.10021

0.77203 —0.63329  0.05389

Therisk manageis awareof the Valueat Risk calculatedunderthe assumptiorof this cor-
relationbetweerthethreeindices.In orderto assesshe changan Valueat Risk resultingfrom
adecreasén correlationbetweerntwo of thethreeunderlyingvariablesthe risk managewishes

to adjustthe matrix to

1 09 0.7
C=109 1 03

0.7 03 1

Unfortunatelythe eigervaluesof C' arenow { 2.29673, 0.710625, —0.00735244 }, andde-
spite its plausibleappearancematrix C’' is no longer an acceptablecorrelationmatrix. This
highlights how a minor changecan leadto the violation of the requirementf positve-semi-

definitenes®f a correlationmatrix. The systemwill now fail whentrying to constructa split-up



matrix B for the purposeof Monte Carlo simulation$ in orderto calculatethe Value at Risk
underthe new assumptions.
Usingthe methodoutlinedin section2 with the errormeasurehoserno be x2,.mens2Sgiven

by equation(6), we cancalculate

0.99804  0.06265 0
B=| 086482 050209 0

0.74020 —0.67239 0
with
1 0.89458 0.69662

C=BB = | (89458 1 0.30254

0.69662  0.30254 1

andatotal error of x2omens= 0-946 - 107%.

In comparisonthe methodoutlinedin section3 above, yields

0.99805  0.06238 0
B=| 086434 050292 0

0.73974 —0.67290 0

to giveus

1 0.89402  0.69632
C=BB =| (89402 1 0.30100

0.69632  0.30100 1

Onecannoticethatnotonly thetotalerrorof x2,.,enis= 1.0-10~* but alsotheindividualelements
are remarkablycloseto the valuesobtainedby optimisation. Despitethe fact that thereis in
generaho guaranteghatthe resultsof thetwo methodsareasclosetogetherasin this example,

we have alwaysfound very good agreemenbetweenthe two approaches.To show the point,

SThe constructiorof correlatedchormalvariatesfrom a vectorof uncorrelatechormalvariatesz is doneby the

transformatione = B - z with C = BB”.
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we presentbelow the stresscaseof a realsymmetric12 x 12 matrix which wasconstructedy
calculatingthe statisticalcovarianceof 316 vectorsof 12 uniform randomnumbersandshifting
the digits of 12 randomlychosenmondiagonaklementgrandomly)by one placeto the left or

right (whilst limiting themto be € [—1, 1]). Thereforewe have the giventarget

1.000 —0.022 —0.081 —0.845 0.779 0.066 —0.051 0.003 —0.086 0.041 0.048
—0.022 1.000 —0.140 —0.077 0.114 —0.096 —0.033 —0.083 0.028 0.045 0.060
—0.081 —0.140 1.000 0.095 —0.014 —0.046 —0.010 —0.021 —0.049 0.002 —0.130
—0.845 —0.077 0.095 1.000 —0.067 0.063 0.056 —0.059 0.067 0.040 —0.068

0.779 0.114 —0.014 —0.067 1.000 —0.074 0.042 0.004 —0.046 0.024 0.043

0.066 —0.096 —0.046 0.063 —0.074 1.000 0.141 0.027 —0.023 0.056 —0.043
—0.051 —0.033 —0.010 0.056 0.042 0.141 1.000 0.318 —0.027 —0.045 0.026

0.003 —0.083 —0.021 —0.059 0.004 0.027 0.318 1.000 —0.065 —0.058 0.010
—0.086 0.028 —0.049 0.067 —0.046 —0.023 —0.027 —0.065 1.000 —0.002 —0.096

0.041 0.045 0.002 0.040 0.024 0.056 —0.045 —0.058 —0.002 1.000 —0.170

0.048 0.060 —0.130 —0.068 0.043 —0.043 0.026 0.010 —0.096 —0.170 1.000
—0.067 —1.485 0.007 0.027 —0.110 0.077 0.020 0.003 —0.018 —1.072 —0.035

with theaccompawing setof eigervalues

—0.067
—1.485
0.007
0.027
—0.110
0.077
0.020
0.003
—0.018
—1.072
—0.035
1.000

C =

{2.899, 2.193, 1.370, 1.256, 1.065, 1.014, 0.946, 0.820, 0.762, 0.632, —0.135, —0.821}

We obtainfrom optimisationover angularcoordinates
—0.179 —0.967 0.039

—0.905
0.096
0.135

—0.219 —

0.090

B = 0.064

0.075 —

—0.011
—-0.674

0.110 —0.028
0.134 0.111
0.766 —0.055
0.671 —0.012
0.016 —0.349
0.018 —0.796
0.070 —0.732
0.159 0.201
0.161 —0.027

0.162
—-0.279
0.450
0.054
0.145
0.320
0.032
—0.007
0.029
0.489

—0.006 —0.154 —0.112 —0.697
0.988 —0.136 0.053 —0.004

With X2 ements= 1-167.

0.056 —0.011
—0.034 —0.078
—0.647 —0.047
—0.127 —0.081
—0.187 —0.254

0.547 0.422
—0.034 —0.211
—0.154 —0.217

0.494 —0.732

0.083 0.190
—0.090 0.275

0.024 —0.011

-0.019 0.035
—-0.018 0.213
—0.002 0.518
—0.542 —0.223
—0.576 —0.168
—0.283 0.402
—-0.123  0.093

0.346 —0.156
—0.023 0.170

0.069 —0.334
—0.245 0.045
—0.015 —0.028

—0.033 —0.002 0.000 0.000
0.186 0.040 0.000 0.000
—0.256  0.056 0.000 0.000
0.064 0.137 0.000 0.000
0.084 0.116 0.000 0.000
0.038 0.218 0.000 0.000
—0.021 —0.540 0.000 0.000
—0.045 0.486 0.000 0.000
—0.348 0.062 0.000 0.000
—0.341 —0.069 0.000 0.000
—0.574  0.053 0.000 0.000
0.021 —0.012 0.000 0.000

In comparisonusingthe spectrakplitting techniquewe calculate
—0.199 —0.963 0.038

—0.854
0.090
0.146

—0.223 —

0.087

B = 0.068

0.121 —0.028
0.131 0.111
0.755 —0.054
0.663 —0.013
0.010 —0.349
0.016 —0.795

0.071 —0.069 —0.733

—0.011
—0.643

0.157 0.201
0.170 —0.025

0.160
—0.326
0.452
0.056
0.143
0.317
0.033
—0.007
0.031
0.502

—0.012 —0.149 —0.112 —0.690
0.983 —0.163 0.066 —0.004

0.056 —0.011
—0.036 —0.098
—0.646 —0.047
—0.127 —0.084
—0.191 —0.256

0.547 0.422
—0.033 —0.210
—0.155 —0.217

0.494 —0.731

0.090 0.194
—-0.092 0.277

0.030 —0.014

—-0.019 0.035
—-0.027 0.266
—0.001 0.522
—0.553 —0.217
—0.581 —0.177
—0.284 0.404
—0.122  0.092

0.346 —0.155
—-0.022 0.170

0.070 —0.359
—0.242 0.038
—0.019 —0.036

—0.032 —0.002 0.000 0.000
0.253  0.048 0.000 0.000
—0.252  0.055 0.000 0.000
0.070  0.144 0.000 0.000
0.083 0.115 0.000 0.000
0.038 0.218 0.000 0.000
—0.021 —0.541 0.000 0.000
—0.044 0.486 0.000 0.000
—0.349 0.062 0.000 0.000
—0.344 —0.080 0.000 0.000
—0.584 0.050 0.000 0.000
0.027 —0.016 0.000 0.000

With xZements= 1.208 which demonstratethe proximity of the resultsof the two methodseven

for adoublynon-positve-semidefinitéarget matrix.

5 Conclusion

We have presentedwo simplemethodgo producea feasible(i.e. real,symmetric,andpositive-
semidefinite)correlationmatrix when the econometricone is either noisy, unavailable, or in-

appropriate.The first methodis to the knowledgeof the authorsmore generalthanary of the
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approachesvhich have beenproposedn theliterature,andcomputationallyfaster It canactu-
ally producethe optimalfeasiblesolutionin asensespecifiedoy theuser Thesecondnethodis,
in principle,notasgeneralput we show thati) it is extremelyfastandii) it producesesultsvery
closeto thoseobtainedusingthe generalprocedurelt canthereforebe usedin its own right, or

asastartingpoint for the generabptimisationproceduretherebymakingthe latterevenfaster
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