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Abstract

Volatility in Credit Markets has highlighted that effective risk manage-
ment of a CDO tranche trading book requires analysis across a wide range
of potential scenarios. The Basel Il Comprehensive Risk Measure (CRM)
requires repricing a trading book over many thousands of simulations, while
counterparty risk calculations such as Potential Future Exposure (PFE) are
generally analyzed by revaluation across a wide range of future scenarios.
Fast CDO tranche pricing has therefore become increasingly important. In
many cases accuracy can be sacrificed for speed, but previously documented
approximations are too inaccurate or are not applicable to the random recov-
ery valuation models currently in use by most banks. This paper presents an
approximation which retains high accuracy in extreme cases, and can be
used efficiently with random recovery models and inhomogeneous portfo-
lios.



1 Introduction

Volatility in Credit Markets has highlighted that effective risk management of a
CDO tranche trading book requires analysis across a wide range of potential sce-
narios. Traditional risk calculations for CDO tranches have concentrated on local
sensitivities to market data, many of which could be calculated efficiently using
semi-analytic methods. The non-linear nature of CDO tranche prices mean that lo-
cal sensitivities have limited use when predicting the effect of large market moves.
Effective risk management in volatile markets therefore also requires revaluation
of the book under different market data scenarios with significant shifts to spreads
and rates.

Counterparty risk has become an important area of focus, and calculations such
as Potential Future Exposure (PFE) are generally best analyzed by revaluation of
trades under a wide range of future scenarios. Furthermore, the Basel Ill capital
adequacy requirements specify a Comprehensive Risk Measure (CRM) calcula-
tion based on the 99.9% tails of the distribution of potential future losses. Accu-
rate calculation of this measure is essential, otherwise banks will be required to
hold highly punitive levels of regulatory capital. To achieve the required degree of
precision involves repricing a trading book across many thousands of simulations
so the ability to recalculate CDO tranche prices quickly has therefore become
increasingly important.

In many cases accuracy can be sacrificed for speed, but previously documented
approximations become less reliable in extreme cases, and these cases often cor-
respond to the most important scenarios for the analysis.This paper presents an
approximation which retains high accuracy in extreme cases, and can be used ef-
ficiently with random recovery models and inhomogeneous portfolios. It can be
used on its own without switching to other approximations hence avoiding dis-
continuities, and is accurate enough on real-world portfolios that it can be used
without setting up ad-hoc fallback rules to switch to slower recursion pricing on
problematic tranches. Inaccuracies on small portfolios are common to all these
approximations however and these remain.



2 Normal and Poisson Approximations

One popular speed-up for factor-based models has been to apply approximations
to the evaluation of tranche prices conditional on the market factor. For mod-
els using random recoveries;|Karoui et al.(20089 propose a Normal approxi-
mation with a Stein correction. When dealing with the restricted case of deter-
ministic and homogeneous recoveries the authors suggest combining this with a
Stein-corrected Poisson approximation, but since the market now requires ran-
dom recovery models for consistent pricing this must be discarded. This leaves
the Normal approximation which can be very inaccurate for base tranches, tight
spreads, and/or low correlation. The Stein correction term in practice is very small
and not significant.

Conditional on the market factor the loss distribution can be writtdn-a$ L;X;
whereX; ~ Bernoulli(p;) with p; the conditional probability of default on name
andL; the loss on default. Th¥ are independent and boghandL; are functions
of the market factor. A normalized distribution is assumed such}that= 1 and
L €10,1].

When the expected portfolio los$LE is not too low or high a Normal approxima-

tion is reasonable but otherwise the actual loss distribution accumulates at 0 and 1
respectively so a bounded distribution would be more appropriate in these cases.
A Poisson distribution is a natural proxy for the true conditional loss distribution
when expected losses are low. It can also be used when expected losses are near
to 1 by expressing the distribution in terms of L rather tharL.. Extreme low or

high expected losses will always arise since we are integrating across the market
factor which can take on any value.

For illustrative purposes the following figures show the behaviour of these ap-
proaches in approximating a standard homogeneous binomial. In practice the true
conditional loss distribution will be a form of inhomogeneous binomial. Note that
for qualitative comparisons only the discrete distributions have been normalized
by grid size. The tranche prices themselves give the true quantitative comparison.
For these illustrations the Stein corrections, which are in any case quite small, are



not included.

Figure 1l compares a 100-name homogeneous loss distribution with its approxi-
mating Normal for different levels of expected portfolio loss. The approximation
evidently deteriorates when the expected portfolio loss approaches a distribution
boundary.

Normal : E[L]=0.01 Normal : E[L]=0.15 Normal : E[L]=0.30

Figure 1:Normal approximation to the Binomial.

Figure2 compares the same 100-name loss distribution with the standard Poisson
approximation. As portfolio expected loss increases the accuracy deteriorates.

Fixed Poisson : E[L]=0.01 Fixed Poisson : E[L]=0.15 Fixed Poisson : E[L]=0.30

Figure 2:Standard Poisson approximation to the Binomial.

The ranges of accuracy of the Poisson and Normal are complementary so a thresh-
old for expected loss can be specified at which the approximation changes from
Poisson to Normal. For the example here this would typically be set around 0.10
to 0.15 although the two approximations are not necessarily very close in this
changeover region. More seriously, if recoveries are inhomogeneous the distri-
bution will be sparse over a grid with a small loss unit and the standard Poisson



Free Poisson E[L]=0.01 Free Poisson : E[L]=0.15 Free Poisson E[L]=0.30
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Figure 3:Free Poisson approximation to the Binomial.

approach becomes problematic, so for random recoveries or non-homogeneous
only the Normal approximation is used.

For a Poisson approximation we use~ 6N whered is a loss unit scaling the
Poisson countel. Implicit in standard treatments dealing with Poisson approx-
imation is that the approximation loss umitis equal to that of the actual dis-
tribution, GCOL;]. Allowing 6 to be a free parameter however we get a more
flexible distribution which can be used across the whole range of the distribution
not just when B is low, as seen in figur8. Of course we are approximating

a distribution with one discretization with another distribution having a different
discretization, but there is nothing inherently wrong with this, it is simply a ques-
tion of the accuracy of the end result. In fact at low expected losses, the free
Poisson is very similar to the standard fixed Poisson and in this homogeneous
example the grid size is very close to that of the true distribution. As expected
loss increases the grid size decreases and the free Poisson smoothly changes over
to be very close to Normal. Since we are integrating across the market factor,
across different approximation loss units, this will also tend to smooth out any
discretization bias.



3 Free Poisson Approximation

A normalized distribution is assumed such tidt; = 1 andL € [0,1]. We have
L ~ SN whered is a free loss unit parameter aNd~ Poissorid). Let u = E[L]
ando? = Var[L]. Since EN] = Var[N] = A, matching moments give$ = 62/
andA = u?/c?.

The Poisson probability mass functigk) = ProdN = k] = e *AX/K!, the dis-
tribution function isF (k) = ProdN < k] = ¥ ,p(i), and we have the partial
expectatiory ¥ ,ip(i) = A(F (k) — p(Kk)).

The expected loss of a base tranche detachimgiatthis approximation is then
given by
ETL(K) =K+ (1 — K)F (k) — pp(K) (1)

wherek = |K/d |, the integer part oK /4.

An important implementation detail is for the distribution functib(k). The
parameters for this can get large so rather than direct calculation by summing
p(k) the standard identitf (k) = 1 — G(A,k+ 1) is used wheré is the incom-

plete gamma ratio function defined Byx, &) = y(x, &) /v(, ot) wherey(x, a) =
[Sett*1dt. Calculation of the incomplete gamma ratio function is treated in
DiDonato and Morrig1987).

To capture the boundary at 1, whgn> 0.5 the tranche is valued as an option on
1—L rather thartL.

For Poisson approximations the Stein correction depends on the difference be-
tween the mean and variance for the true loss distribution. Since the free Poisson
can also be viewed as scaling the true loss distribution in such a way that mean and
variance are equal, it consequently has a zero Stein correction by construction.



4 Free Binomial Approximation

The same approach can be developed starting from a homogeneous Binomial ap-
proximating distribution. We usk ~ 6B whereB ~ Binomial(n, p). Since the
binomial is defined on the integers.0.,n it is natural to us& = 1/n leaving us

two free parameters,andp. E[B] = npand Va{B| = np(1— p), so matching mo-
ments givep=pu andd =1/n= u(1—u)/c? whereu = E[L] ando? = Var[L].

With the Binomial probability functiorf (k) = ProbB=k] = (}) p“(1— p)", the
distribution function isF (k) = ProbB < k] = K  f(i), and we have the partial
expectatiory ¥ 4if (i) = np(F (k) — 1=K f (k)

The expected loss of a base tranche detachimgiatthis approximation is then
given by

ETL(K) = K+ (1~ K)F () — ¥t (k) @)

wherek = |nK].

Again the distribution functior (k) can be evaluated either by direct calculation
by summingp(k) or if necessary by (k) = 1—Ip(k+1,n—k) wherely(a,b) is
the incomplete beta ratio function defined kya,b) = Bx(a,b)/B1(a,b) where
Bx(a,b) = [Xt21(1—t)P~dt. Calculation of the incomplete beta ratio function
is treated inPress et al(1992.
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A Appendix : Pricing Differences

Prices for the following figures were calculated under a Random Recovery model
using actual market data for standard detachments on the CDX series 9 portfolio,
using the Stein-corrected Normal and the Free Poisson approximation as well as
the standard recursion calculation for reference. Prices were calculated for each
tranche over a grid of different flat correlations and spread scaling factors. The
scaling factors were applied to all spreads in the market data, so for example for
a scaling factor of 0.5 all spreads were halved before running price calculations.
The values shown are relative asset leg pricing er(@sprox— Pet)/Pet Where
Papprox iS the approximation pricing anéle¢ is the standard recursion pricing of
expected discounted tranche losses.

At low spread levels and low correlations the Normal-based approximation sig-
nificantly overvalues the 0-100 portfolio expected loss so this affects all base
tranches, see figuresandb5. It is exacerbated at short maturities see figbire
(note the scales change between figures). Base tranche pricing is improved dra-
matically with the Free Poisson approximation. Inaccuracies remain as can be
seen by looking at mezzanine tranches, figureand8. The Free Poisson is still

a significant improvement over the Stein Normal however.
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Figure 4:Relative pricing errors : 0-3% Tranche 5Y (CDX9 Portfolio).
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Figure 5:Relative pricing errors : 0-6% Tranche 5Y (CDX9 Portfolio).
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Figure 6:Relative pricing errors : 0-3% Tranche 1Y (CDX9 Portfolio).
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Figure 7:Relative pricing errors : 3-6% Tranche 5Y (CDX9 Portfolio).
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Figure 8:Relative pricing errors : 12-22% Tranche 5Y (CDX9 Portfolio).
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